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Abstract
In the first part of this thesis, several applications of perturbation theory are developed
to study normal mode propagation along a borehole. This theory is used to relate
first order perturbations in frequency, wavenumber, elastic moduli, densities, and
locations of interfaces. Although the perturbation equation is derived for a general
model with many fluid and solid layers which have any cross-sectional shape, the
equation is applied to a two-layer model consisting of a fluid-filled borehole through a
transversely isotropic solid (with its symmetry axis parallel to the borehole). Because
analytical expressions for the displacements exist for this particular model, the terms
in the perturbation equation simplify greatly. Formulas are derived to calculate (1)
phase velocities for a model with slight, general anisotropy, (2) partial derivatives
of either the wavenumber or frequency with respect to either an elastic modulus
or density, (3) group velocity, and (4) phase velocities for a model with a slightly
irregular borehole. These formulas are applicable also to models with an isotropic
solid because it is a special case of a transversely isotropic solid.
In the second part, the effects of anisotropy upon elastic wave propagation are
determined. The wave equation is solved in the frequency-wavenumber domain with
a variational method, and the solution yields the phase velocities, group velocities,
pressures, and displacements for the normal modes. (The phase and group veloci-
ties obtained with this variational method match those obtained with the perturba-
tion method indicating that both are correctly formulated and implemented.) These
properties are studied for two cases: a transversely isotropic model for which the
borehole has several different orientations with respect to the symmetry axis and an
orthorhombic model for which the borehole is parallel to the intersection of two sym-
metry planes. The normal modes for these two cases show several effects which do
not exist when the solid is isotropic or transversely isotropic with its symmetry axis
parallel to the borehole:
1. The phase velocities for the quasi-pseudo-Rayleigh, both quasi-flexural, and
both quasi-screw waves do not exceed the phase velocity of the slowest qS-
wave. (The phase velocities of the leaky modes, which were not investigated,
will exceed this threshold.)
2. The two quasi-flexural waves have different phase and group velocities; the dif-
ferences are greatest at low frequencies and diminish as the frequency increases.
In general, the two quasi-screw waves behave similarly.
3. The greater the difference between the the phase velocities of the qS-waves, the
greater the difference between the phase velocities of the quasi-flexural waves
at all frequencies. The two quasi-screw waves behave similarly.
4. Near the limiting qS-wave velocity, the difference between the phase velocities of
the two quasi-flexural waves is greater than that for the two quasi-screw waves.
5. For the slow quasi-flexural wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned with the polarization
of the slow qS-wave.
6. For the fast quasi-flexural wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned with the polarization
of the fast qS-wave.
7. For the slow quasi-screw wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are rotated 450 with respect to the polarizations
of both qS-waves.
8. For the fast quasi-screw wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are parallel with the polarizations of both qS-
waves.
(In this list, the qS-waves are those plane waves whose wavenumber vectors are parallel
to the borehole.) Despite these significant effects, the general characteristics of the
phase and group velocities, pressures, and displacements are similar (but not identical)
to those that would exist if the solid were isotropic or transversely isotropic with its
symmetry axis parallel to the borehole. This result is expected because the models
are only slightly anisotropic.
In the last part, a method to estimate ce6, which is a shear modulus of a trans-
versely isotropic formation (with its symmetry axis parallel to the borehole), is devel-
oped and tested. The inversion for c66 is based upon a cost function which has three
terms: a measure of the misfit between the observed and predicted wavenumbers, a
measure of the misfit between the current estimate for c66 and the initial guess of its
value, and penalty functions which constrain the estimate for c66 to physically accept-
able values. The inversion is applied to synthetic data for fast and slow formations,
and the estimates for c66 are within 5% of their correct values and are moderately
well resolved. When the inversion was applied to field data, the estimates for c66 were
significantly higher than the values for c44 in a zone with low permeability and high
clay content. The percentage of S-wave anisotropy ranged from 5 to 20%.
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Chapter 1
Introduction
1.1 Background
For the first part of this century, seismologists obtained a good match between seismic
data and predictions based upon an isotropic model of the Earth. As the quality of
seismic data improved, particularly within the last thirty years, seismologists some-
times noted significant discrepancies between the data and the model predictions. A
hypothesis, which accounts for some of these discrepancies and which is now generally
accepted, is that some parts of the Earth are anisotropic. This hypothesis is further
substantiated by laboratory measurements and mathematical models of rocks (White
and Angona, 1955; Backus, 1962; Thill et al., 1973; Thomsen, 1986).
The anisotropy is related to geological processes and rock properties which have
scientific importance. One example is the anisotropy caused by fractured rock. When
rocks containing fractures are subjected to a nonhydrostatic stress in a laboratory,
the rock becomes anisotropic because the open fractures tend to be aligned (Nur and
Simmons, 1969). Hence anisotropy in the crust caused by aligned fractures might
be used to determine some components of the deviatoric stress tensor. In addition,
because the open fractures affect the flow of fluids, the anisotropy might be used to
predict the likely directions of flow. Another example is transverse isotropy with a
vertical symmetry axis which is prevalent in sedimentary basins (Winterstein, 1986).
Better images of the subsurface geology could be obtained if the processing of the
seismic data accounted for the effects of this transverse isotropy.
One technique which might measure the anisotropy of the crust is acoustic logging.
Logging refers to a large variety of measurements which are made inside boreholes and
whose purpose is usually to determine a property of the rocks around the borehole.
That measurement which involves elastic wave propagation is called acoustic logging.
Waves are generated by a source in the borehole and propagate either along the
borehole (where they can be detected by a receiver) or into the formation. Because
surface waves, which are similar to borehole waves, are affected by anisotropy (see
e.g., Farnell, 1970), the borehole waves should be able to detect the anisotropy.
1.2 Scope
The goal of this thesis is to determine how anisotropy can be detected with acoustic
logging. To this end, the thesis addresses two issues: the effects of general anisotropy
upon elastic wave propagation in a borehole and the estimation of a shear modulus of
a transversely isotropic formation. In regard to the later issue, an ideal inversion could
estimate all of the elastic moduli of a formation with general anisotropy. However,
this ideal inversion is not practical because the elastic waves which are recorded
during acoustic logging are not sensitive to all of the elastic moduli. Consequently,
the inversion is developed specifically to estimate a shear modulus of a transversely
isotropic formation because the data are sensitive to this modulus and transversely
isotropy is believed to be the largest component of anisotropy in many sedimentary
rocks (S. Crampin, 1988, oral communication; D. Corrigan, 1989, oral communication;
D. F. Winterstein, 1989, oral communication).
The thesis is divided into five chapters. In the next section of this chapter is a
review of several topics: historical background on wave propagation for a cylindrical
geometry, abbreviated subscript notation, elastic symmetry, plane wave propagation
in anisotropic media, and normal mode propagation along a borehole in an isotropic
formation.
In Chapter 2, perturbation theory is applied to four different problems related to
normal mode propagation. First a method to calculate the phase velocities of the
modes when the solid has general anisotropy is developed; these calculated velocities
are an independent check of the results presented in Chapter 3. Second, a method to
calculate partial derivatives is developed. These derivatives are an important part of
the inversion which is presented in Chapter 4. Third, a method of calculating group
velocities is developed. Fourth, a method to calculate the phase velocities of the
modes when the borehole wall is irregular is derived. Examples of each application
are presented also.
In Chapter 3, elastic wave propagation along a borehole in a general anisotropic
medium is studied. To this end the wave equation is solved with a variational method,
and the behavior of the normal modes is determined by studying their phase velocities,
group velocities, and particle displacements. Special attention is given to the modes
commonly encountered during acoustic logging: the tube, pseudo-Rayleigh, flexural,
and screw waves.
In Chapter 4, the tube wave is used to estimate a shear modulus of a transversely
isotropic formation with its symmetry axis parallel to the borehole, which is a good
model for many sedimentary rocks like shales. The estimation is performed in the
frequency-wavenumber domain. The method is tested with synthetic data from fast,
slow, and very slow formations and also is applied to field data.
Chapter 5 is a summary of the most important results obtained in this thesis.
Although the problems addressed in this thesis are important to people who study
acoustic logging, the problems should be pertinent to a much larger audience. People
who study vertical seismic profiling will be interested in how the anisotropy affects
the tube wave. The variational method developed in Chapter 3 could be modified to
study wave propagation in many structures like the Earth, composite materials, and
semiconductors. Civil engineers, who must know the shear properties of soils and
other construction materials, will find that the inversion in Chapter 4 is relevant to
their work.
1.3 Review Topics
1.3.1 Historical Background
The early investigations related to wave propagation for a circular cylindrical geome-
try applied to rods which were isotropic and had a finite length. The rod was assumed
to be very long compared to its diameter, and so a reasonable approximation, which
was used to simplify the mathematics, was that the mass of the rod was concentrated
along its axis (see Rayleigh 1878, Chapters 7 and 8). Pochhammer (1876) derived the
solution for propagation along an infinite cylinder without making any assumption
about the concentration of the mass. His solutions were for the so called longitudinal
modes whose displacements are in the radial and axial directions and are indepen-
dent of azimuth. Apparently independently, Chree (1886) developed a solution for
the longitudinal modes in a cylinder with finite length. Later Chree (1889) developed
the dispersion equation for longitudinal modes in cylinders and cylindrical shells with
infinite length and the equations describing the vibrations of these structures due to
surface and body forces. The expressions for the torsional and flexural modes in a
cylinder with infinite length were derived by Love (1892, Sections 200 and 202). (A
torsional mode has displacements in the tangential direction which are independent
of azimuth (0), and a flexural mode has radial and axial displacements that depend
upon the cos 0 and tangential displacements that depend upon sin 0. A flexural mode
is also called a transverse mode.) Using the Rayleigh-Ritz method to study wave
propagation along a isotropic cylinder, Kynch (1955) found a mode, for which radial
and axial displacements vary according to cos 20 and the tangential displacements
according to sin 20, and he called it a screw wave. The recent research in this field
is summarized by Redwood (1960), Miklowitz (1978), and Thurston (1978), and an
extensive compilation of the frequencies and displacements for the modes in different
cylinders and cylindrical shells is given by Armen'akas et al. (1969).
Several theoretical investigations have focused on elastic wave propagation in a
solid circular cylinder which is transversely isotropic with the symmetry axis parallel
to the axis of the cylinder. Chree (1890) developed a solution for the longitudinal
modes in a cylinder with finite length. Because he expresses the displacements with
the first few terms of a power series in radial distance, his solution is valid only when
the diameter of the cylinder is small compared to its total length. Morse (1954)
developed a solution for the longitudinal modes in an infinite cylinder. Since the
displacements in his solution are expressed with Bessel functions, no restrictions on
the diameter of the cylinder are necessary. Einspruch and Truell (1959) extended
Morse's formulation to the torsional modes and showed that they are not coupled to
the longitudinal modes. Mirsky (1965) and Eliot and Mott (1967) found a complete
solution to the wave equation and derived dispersion equations for all of the modes
(i.e., longitudinal, torsional, flexural, screw, and all higher order modes) in infinite
cylinders and cylindrical shells. The solution to the wave equation for longitudinal
modes propagating along a cylindrical shell with three transversely isotropic layers
was found by Keck and Armenkkas (1971).
Wave propagation along infinite cylinders and cylindrical shells, whose anisotropy
is defined in the cylindrical coordinate system (see Love, 1892, section 110) and is
more general than transverse isotropy, has also been investigated. Using a power series
expansion, Mirsky (1964) and Nowinski (1967) derived the solution for the longitudi-
nal mode in a cylinder with orthorhombic anisotropy. Using a power series expansion
also, Chou and Achenbach (1972) and Armenakas and Reitz (1973) developed the
solution for all modes in a cylinder with orthorhombic anisotropy What was clear
from the research done by these four groups was that deriving a solution for a simple
cylinder required an enormous amount of algebra and that deriving a solution for a
cylinder with multiple, concentric layers would be a daunting task. For this reason,
Nelson et al. (1971) used a variational method to develop a complete solution to the
wave equation for cylinders and cylindrical shells with orthorhombic anisotropy. They
used analytical expressions for propagation in the axial and tangential directions and
finite elements for propagation in the radial direction. The great advantage of their
approach is that same computer program could easily calculate solutions for cylin-
ders or cylindrical shells with any number of layers and with any type of anisotropy
having higher symmetry than orthorhombic anisotropy. This variational method was
developed further by Huang and Dong (1984) to study propagation in cylinders and
cylindrical shells with general anisotropy. (Note that problems studied in Chapters
2 and 3 differ significantly from those mentioned here. That is, Chapters 2 and 3
apply to wave propagation in a cylindrical geometry with the anisotropy defined in
the Cartesian coordinate system, whereas the anisotropy in the problems reviewed
here is defined in the circular cylindrical coordinate system.)
The basic theory related to wave propagation in a fluid-filled borehole, which is
the model used in acoustic logging, has followed three complimentary lines of de-
velopment. First, the dispersion equation related to guided wave propagation was
derived, and this equation was used to calculate phase and group velocities to gain
some insight into the behavior of the waves (Biot, 1952; Peterson, 1974). Second,
numerical methods were developed to calculate synthetic seismograms which were
studied to determine how the amplitude and attenuation of the waves is affected by
the formation, fluid, and tool (White and Zechman, 1968; Roever et al., 1974; Tsang
and Kong, 1979; Tsang and Rader, 1979; Cheng and Toks5z, 1981; Kurkjian, 1985;
Kurkjian and Chang, 1986). Third, perturbation theory has been used to calculate
partial derivatives in the frequency-wavenumber domain, which reseachers use to de-
termine how different formation and fluid properties affect the phase velocities of the
modes (Cheng et al., 1982; Burns, 1986).
Many researchers have studied wave propagation in complicated borehole mod-
els to gain a better understanding of how the actual conditions in the Earth affect
the waves. The complications include permeable rock (Rosenbaum, 1974; Schmitt,
1988a; Schmitt et al., 1988; Norris, 1989; Schmitt 1989), a damaged or invaded zone
around the borehole or a cased borehole (Chan and Tsang, 1983; Tubman et al., 1984;
Stephen et al., 1985; Tubman et al., 1986; Burns, 1986; Schmitt, 1988a; Schmitt,
1988b; Schmitt, 1989), a viscous fluid (Burns, 1988), a borehole with an irregular
cross section (Willen, 1983; Nicoletis et al., 1990), a borehole in which the diame-
ter changes along the axis (Bouchon and Schmitt, 1989), fractures intersecting the
borehole (Bhasavanija, 1983; Mathieu, 1984; Stephen et al., 1985), and anisotropy.
Tongtaow (1980), White and Tongtaow (1981), Tongtaow (1982), Chan and Tsang
(1983), and Schmitt (1989) focused on the special case of transversely isotropy with
the symmetry axis aligned with the borehole. White and Tongtaow studied the waves
generated by monopole and dipole sources and determined what affects the velocities
and amplitudes of the refracted and guided waves. Chan and Tsang examined the
amplitudes and velocities of the refracted waves in concentrically-layered, transversely
isotropic formations. Schmitt studied the velocity dispersion curves, the attenuation
curves, and the frequency-dependent sensitivities for the normal modes when the
formation is transversely isotropic and permeable. Recently, some researchers have
focused on transverse isotropy when the symmetry axis is perpendicular to the bore-
hole. Leveille and Seriff (1989) determined the particle motion of the tube wave at the
zero frequency limit, and they studied the horizontal displacement on the inner wall
of a finite length, cylindrical shell which has be excited by a horizontal point force.
Nicoletis et al. (1990) determined the phase velocity and particle displacements of a
tube wave at the zero frequency limit.
Some researchers are using the waves to estimate the properties of the rocks sur-
rounding the borehole. The estimated properties include the S-wave velocity of the
formation (Cheng and Toks6z, 1983; Stevens and Day, 1986), permeability (Cheng et
al., 1987), attenuation (Burns, 1987), effective aperture of a fracture (Hornby et al.,
1989a), and the structure around borehole (Pasternoster, 1985; Hornby, 1989b).
1.3.2 Abbreviated Subscript Notation
Throughout this thesis abbreviated subscript notation is used to perform tensor al-
gebra. This notation has two outstanding advantages: it performs the algebra in a
systematic manner reducing the likelihood of an error, and it expresses the tensors
in terms of vectors and matrices which can be readily incorporated into a computer
program. In this section, this notation will be presented following the conventions
established by Bond (1943), Nye (1957, p. 134-137), Hearmon (1961, p. 8-9), Fedorov
(1968, p. 13-18), Musgrave (1970, p. 32-34), and Auld (1973, p. 27-29, 49-52, 64-67,
73-82, 351-352, 354-356).
Cartesian Coordinates
In Cartesian coordinates, the strain tensor
S= z ey ez , (1.1)
ez eyz ezz
is replaced by the strain vector,
eyy
2eyz
2ez
2exy
The factor of 2 is introduced to simplify Hooke's Law and the wave equation. Its
elements are
aXuX
E = (1.3)
Ouz + azu,
axuz + azux
ayuX + u y
(Malvern, 1969, p. 131) where Ou, means 2, etc.
The stress tensor,
T = Ty Tyy y , (1.4)
rz Tyz Tzz
is replaced by the stress vector,
TxX
TY
T = zz. -(1.5)
Tyz
Txy
The fourth order stiffness tensor is replaced by a 6 x 6 symmetric matrix according
to the rules in Table 1.1 which are based upon the symmetry properties of the tensor.
The stiffness matrix is
C1 1 C1 2 C1 3 C1 4 C1 5 C1 6
C22 C2 3 C2 4 C25 C2 6
C33 C3 4 C35 C3 6  (1.6)
C44 C45 C46
C5 5 C5 6
symmetric c66
The divergence of the stress vector, which is needed in the wave equation, is
calculated with an operator:
0 0 0 az
D 0 Y, 0 Oz
0 0 Oz a
0
a,
ax
0
(1.7)
(Auld, 1973, p. 51).
Using this notation, the wave equation is
DT = pattu (1.8)
where u is the displacement vector and t is time.
Hooke's Law) is
T = CE
The constitutive equation (i.e.,
(1.9)
Cylindrical Coordinates
In cylindrical coordinates, the strain tensor,
Sc =
err ere erz
ere eco eOz
erz e0z ezz
(1.10)
is replaced by the strain vector,
err
2eez
2 erz
2 ero /
(1.11)
Its elements are
(ous + u,) /r
Ec = (1.12)
Ozuo + aouz/r
Ozur + aruz
Oruo + (gou, - uo) /r
(Malvern, 1969, p. 668).
The stress tensor,
rTr Tr0 Trz
Tc= rro "oo TOz (1.13)
Tr z 70 Tz
is replaced by the stress vector,
Trr
TOO
T = ZZ(1.14)
70z
Trz
The stiffness matrix in cylindrical coordinates, Cc, is symmetric and has size
6 x 6. The matrix is written in the same manner as the stiffness matrix in Cartesian
coordinates is.
The divergence operator, which is used in the wave equation, is
(r + 1/r -1/r 0 0 9z aolr
D = 0 o0 /r 0 &z 0 ar + 2/r (1.15)
0 0 z, &o/T ar + 1/r 0
(Auld, 1973, p. 354).
The wave equation in cylindrical coordinates is
DcTc = puttuc (1.16)
where uc is the displacement vector, and the constitutive equation is
T = CcE . (1.17)
Coordinate Transformations
The transformation laws for the stress vector, strain vector, and stiffness matrix are
developed from the transformation laws of the equivalent tensors. The transformation
of the stress tensor from one Cartesian coordinate system to another (which is denoted
with a prime) is
'j,j, = ai'kaj'lTkl (1.18)
where
k,I = x,y,z (1.19)
i, = ',y', z' (1.20)
(Jeffreys, 1931, p. 4). The factor, ai'k, is a direction cosine: the cosine of angle
between the axis labeled i' and that labeled k. One component of the stress tensor is
TxX, = a=x + a a ,Tzz + 2aa, zz + 2 zya, 2 azz7z + 2azxazy, .y (1.21)
The transformation law in abbreviated subscript notation is derived by writing all six
equations (for the six components of stress) as one system:
T' = MT (1.22)
where the elements of M are
mil = nl 1 = a ,
m12 = a1 2 = Iy
M13 7213 =" a'z
m 14  = 2n1 4 =2a,yaz
mi15  = 2n 15 = 2axzal
m 16  = 2n 16 = 2a'xaxy
M 2 1  = r21 = ay2'
2222  = 2 2  ayy
mn2 3  = 7223 = ay'z
m24 = 2n 24 = 2ay'yay z
m 25  = 2n 25 = 2ayzayx
m 26  = 2n 26 = 2ayxay
M31 - =31 2 azx
m 32  = 32= a2y
733 n =33 2 aZz
m 34  = 2n 34 = 2azyazz
mi3 5  = 2n 35 = 2az,zaz,x
m36 = 2 = 2= 2azaz' (1.23)
n41
M41 2 - ayixaz x
n42
m42 - = ayyazy
n 4 3in 4 3  2 = ay-zaz z
M44 44 = ay'yazz + ay'zaz'y
M 45 n= 245 = ay'az'z + ay'zaz',
M46 n46 + aylyazzx ay'xazy
n51
M5 1  = 2 az',xax,
n52
M 52 = 2 azyaxty
n53
M53 2 = azzaxz
M 54 -- 54 az'yazz + axzzz'y
M55 = 55 = axxaz'z ± axzaz,x
s56 = n56 = axyaz', + ax'az'y
n61
m 61  - = a-xxayIx2
n 6 2
n 6 2  - = a- yay= y2
n63
m63 - - axzayz
M64 = 264 = axiyay'z + axzay'y
m 65 = 7265 = atzxay'z + a'zay'
i 66 = 66 = a'yay'x + a+XXay'y
The derivation of the transformation law for the stress vector is very similar, and
the law is
E' = NE (1.24)
where the elements of N are listed in equation 1.23.
To derive the transformation law for the stiffness matrix, the constitutive equation
(1.9) is multiplied on the left by M to get the stress in the rotated coordinate system:
T'= MCE . (1.25)
Using equation 1.24, the previous equation can be expressed in terms of the strain in
the rotated coordinate system:
T' = MCN-1E' . (1.26)
Because
MT = N -1, (1.27)
(Bond, 1943), the stiffness matrix in the rotated coordinate system is
C'= MCMT . (1.28)
In some parts of this thesis, the orientation of an anisotropic rock is changed with
respect to the Cartesian coordinate system using a coordinate transformation. The
change is specified by the Euler angles, €, 0, and 4 (see Auld, 1973, p. 81-82). Using
equation 1.28 the first rotation is about the z axis by the amount € = - with
Cos 2
sin 2
0
M(5) =
0
0
Ssin 2 1
The second rotation is about tt
Cos 2 i7 0
0 1
sin 2 77 0
M(r) =
0 0
sin 271 0
0 0
The third and final rotation is
given in equation 1.29.
Sin 2  0 0
:os 2 5 0 0
0 1 0
0 0 cos -
0 0 sine
sin 2 0 0
he y axis by the an
sin 2 77 0
0 0
cos2 7 0
0 cos 77
-1 sin 2, 0
0 - sin r
0
0
0
- sin
cos
0
nount
- sin 277
0
sin 277
0
cos 277
n
sin 2
- sin 2(
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1.3.3 Elastic Symmetry
Although the techniques developed in Chapters 2 and 3 can simulate wave propagation
along a borehole when the solid has any type of anisotropy defined in the Cartesian
coordinate system, only a few types are good models of actual rocks. In this section,
elastic symmetry will be used to define what is meant by the type of anisotropy, and
the different symmetries that are good models of rocks will be discussed.
The symmetry operations which are important in elasticity are reflection with
respect to a plane and rotation about an axis by some angle (Love, 1892, section
(1.29)
(1.30)
v ,,,, /
104). (The symmetry operations that are used for crystals are more sophisticated,
and curious readers may consult Phillips (1963, p. 2-8), Bhagavantam (1966, p. 35-
64) and Buerger (1971, p. 20-51).) A medium has elastic symmetry if its strain energy
function remains the same after a symmetry operation, and this situation occurs only
when the stiffness matrix does not change during an operation (Love, 1892, section
105). Because an operation can be specified with direction cosines, the operation on
the stiffness matrix can be described with equation 1.28:
C = MCMT . (1.31)
(A exhaustive list of direction cosines, which are used to generate M for the types of
anisotropy found in crystals, is given by Auld (1973, p. 196-206).)
For an isotropic solid, every plane is a plane of symmetry, every axis is an axis of
symmetry, and the angle of rotation about an axis can be any amount (Love, 1892,
section 106). This solid has two independent elastic constants, and its stiffness matrix
is
Cll C1 3 C1 3  0 0 0
Cll C1 3  0 0 0
cll 0 0 0
C44  0 0
C4 4  0
symmetric C44
where cnl = c13 + 2C44 (Nye, 1957, p. 141; Hearmon, 1961, p. 22-24; Fedorov,
1968, p. 33; Musgrave, 1970, p. 57; Auld, 1973, p. 363). In terms of the Lame
parameters, A = c13, Y = c44 , and A + 2Cp = cnl. Isotropic solids are often used
to model the behavior of actual rocks, and consequently the solution of the wave
equation is derived frequently for isotropic solids (see e.g., Bullen, 1963; Aki and
Richards, 1980; Ben-Menahem and Singh, 1981; and White, 1983).
A transversely isotropic solid has one axis of symmetry which can have any amount
of rotation and one plane of symmetry which is perpendicular to the axis (Love, 1892,
section 110). This solid has five independent elastic constants, and when this axis of
symmetry is parallel to the z axis the stiffness matrix is
cll C1 2 C13  0 0 0
cll c13  0 0 0
c 33  0 0 0
C44  0 0
C44  0
symmetric c66
where c12 = cll - 2c66 . Transverse isotropy is also called azimuthal isotropy, cross
anisotropy, hexagonal anisotropy, and polar anisotropy. Transverse isotropy is used
to model the elastic properties of sedimentary rocks (see e.g., Thomsen, 1986; Winter-
stein, 1986), of rocks with aligned fractures (see e.g., Crampin, 1984; Schoenberg and
Douma, 1988), and of formations with beds which are thin compared to a wavelength
of an elastic wave (see e.g., White and Angona, 1955; Backus, 1962).
An orthorhombic solid has three mutually perpendicular planes of symmetry
(Love, 1892, section 110). When these planes are parallel to the coordinate planes,
the stiffness matrix is
Cll C1 2 C13  0 0 0
c22 C23  0 0 0
c 33  0 0 0
C4 4  0 0
C5 5  0
symmetric c66
which contains nine independent elastic constants. Orthorhombic anisotropy is called
also orthotropic anisotropy. This type of anisotropy is appropriate for some rocks like
granites (see e.g., Thill et al., 1973).
Other types of elastic symmetry apply to crystals (Love, 1892, sections 107-109;
Nye, 1957, p 137-142; Hearmon, 1961, p. 17-21; Bhagavantam, 1966, p. 127-135;
Fedorov, 1969, p. 18-33; Musgrave, 1970, p. 40-57; Auld, 1973, p. 191-210, 360-362)
and to curved materials like cylinders and spheres (Love, 1892, sections 110 and 114),
but these particular symmetries are believed to be uncommon in the crust of the
Earth. (A useful reference on the elastic moduli of crystals is the book by Simmons
and Wang (1971).)
1.3.4 Plane Wave Propagation
In Chapter 3 the behavior of the normal modes propagating along a borehole in an
anisotropic medium will be shown to be related to the phase velocity and polarization
of a planar S-waves propagating in the same direction. Consequently, the behavior of
these planar waves must be thoroughly understood before this chapter is read. In this
section, the velocities and polarizations of the S-waves will be obtained by solving
the wave equation, and these quantities will be studied for isotropic and anisotropic
media which are representative of actual rocks.
The solution to the wave equation is found with a trial solution for the displace-
ments:
u(x, y, z, t)= A, ei[k(lx+1y+lzz)-wt] (1.32)
Az
where Ai is the magnitude of the displacement, k is the wavenumber, l, ly, and
lz are direction cosines, w is the frequency, and t is time. (Many researchers have
used this method of solving the wave equation in anisotropic solids (Christoffel, 1877;
Love, 1892, Section 208; Kelvin, 1904, p. 131-134; Mason, 1958, p. 368-369; Fedorov,
1968, p. 85-89; Landau and Lifschitz, 1970, p. 106-108; Musgrave, 1970, p. 83-84;
Auld, 1973, p. 164-165).) First the strains are computed with equation 1.3, then the
stresses are computed with equation 1.9, and finally the stresses and displacements
are substituted in the wave equation (1.8) to yield
Pi k 2 bj A = 0 (1.33)
which is called the Christoffel equation to honor the first researcher in this field. The
Christoffel matrix, F, is real and symmetric, and its elements on the diagonal and in
the upper triangle are
11i = cl + c66 2 + C55l + 2c56 1 + 2c 151l + 2c161xly
F22 = c6 6 X + c 222 "+ c 44 12 + 2c 24 1yz + 2c 461zlx + 2c 26 1x y
r33 = C5 5 12 + c4 4 12 + c 3 3 12 + 2c 3 4 1z + 2c 3 5 1zll + 2c 4 5 xly (1.34)
r12 = cl + C26  + C45  + (C46 + C25) lylz + (C14 + C56) x +
(C 1 2 + C6 6 ) ly
13 = c 1 5 lX + c 4 6 l2 + c3 5 lz + (c 4 5  c 3 6 ) lylz ( 1 3 + c 5 5 ) zlx, +
(C14 + C56 ) lly
r23 = C56l + C24 Y + c34  + (c44 + C23) lylz + (C36 + C45) Uz +
(c25 + C46 ) W ly
The Christoffel equation is an eigenvalue equation, and its three solutions correspond
to the three types of plane waves: one P-wave and two S-waves. For each solution, the
eigenvalue is the square of the phase velocity, and the eigenvector is the polarization
of the displacements. Because the Christoffel matrix is the same for plane waves
propagating along (l., ly, 1) and (-lx, -ly, -1,), the eigenvalues and eigenvectors
calculated for both waves will be the same. Consequently the phase velocities and
polarizations of waves propagating in opposite directions will be the same even if the
medium has general anisotropy.
Although plane wave propagation in isotropic media is familiar to all seismologists,
it will be reviewed here because it is very important. Phase velocities of both S-
waves in any direction equal c44 /p (Auld, 1973, p. 168-169). The displacements
are mutually perpendicular and perpendicular to the propagation direction. As an
example, the phase velocities and polarizations of the S-waves propagating in the
isotropic medium whose properties are listed in Table 1.2 were calculated (Figure 1-
1). (In this table, p is the density.) An additional example is given by Auld (1973, p.
385-386).
The next medium is transversely isotropic, and without losing any generality
the symmetry axis will be aligned with the z axis. The displacements for one S-
wave, which is labeled S2 , are always perpendicular to the propagation direction.
The displacements for the other S-wave, which is labeled qS1, are not, in general,
perpendicular to the propagation direction indicating that it is coupled to the P-wave.
The phase velocities and polarizations of these waves have the same symmetry that
the stiffness matrix does: these quantities have an axis of symmetry which can have
any amount of rotation and a plane of symmetry which is perpendicular to the axis of
symmetry. Because the medium has a high degree of symmetry, analytical expressions
for the phase velocities of the waves exist (Auld, 1973, p. 390). Although these
expressions are complicated functions of the propagation direction and the elastic
moduli, these expressions simplify greatly in some special directions. The phase
velocities of the S2-wave in the horizontal and vertical directions equal C66 /p and
c44/p, respectively. Those for the qS 1-wave in both directions equal V 44/p. As
an example, the phase velocities and polarizations of the S-waves propagating in a
transversely isotropic medium whose properties are listed in Table 1.3 were computed
(Figures 1-2 and 1-3). Additional examples of wave propagation in transversely
isotropic media are given by White (1983, p. 38-45) and Helbig and Schoenberg
(1987).
The last medium is orthorhombic, and without losing any generality the symme-
try planes are aligned with the coordinate planes. The displacements for the S-waves
are usually not perpendicular to the propagation direction indicating that they are,
in general, coupled to the P-wave and to each other; for this reason the waves are
labeled qS1 and qS2. The phase velocities and polarizations have the same symmetry
that the stiffness matrix has: these quantities have three mirror planes of symme-
try. Because the medium has relatively little symmetry, no formulas for the phase
velocities exist for an arbitrary propagation direction. However, formulas do exist for
propagation within the symmetry planes (Auld, 1973, p. 401-405). Although these
formulas are complicated, they simplify greatly for propagation along the intersec-
tion of the symmetry planes (which are parallel to the coordinate axes). When the
propagation direction is parallel to the x axis, the phase velocities of the waves are
c55/p and c66/p. Similarly, the velocities are C44/p and -/p for propagation
along the y axis and [ 44/p and cs5 5sp along the z axis. As an example, the phase
velocities and polarizations of the S-waves propagating in an orthorhombic medium,
whose properties are listed in Table 1.4, were calculated (Figures 1-4, 1-5, and 1-6).
Additional examples of wave propagation in crystals with this type of symmetry are
given by Musgrave (1970, p. 117-123) and Auld (1973, p. 401-405).
1.3.5 Normal Modes Propagating along a Borehole
The formulation of the perturbation method in Chapter 2, the variational method
in Chapter 3, and the inversion in Chapter 4 requires a thorough understanding of
the behavior of the normal modes propagating along a fluid-filled borehole. In this
section, the phase and group velocities, pressures, and displacements of the normal
modes will be studied to acquire this understanding.
To study the normal modes propagating along a borehole, an appropriate math-
ematical model for the borehole environment must be developed. The model must
include those features which have a large effect upon elastic wave propagation and
must exclude those which have little effect. The actual conditions can be quite com-
plicated. For example, the rock surrounding the borehole may consist of many layers
which are permeable and attenuative, the fluid may be viscous, the borehole wall may
be irregular, and the tool may have a very complicated internal shape (Figure 1-7a).
In spite of these complications a mathematical model, which has been used success-
fully to approximate the most significant features of the waves, consists of a perfectly
elastic fluid in a cylindrical borehole through a homogeneous, perfectly elastic, solid
(Figure 1-7b and 1-7c). The fluid and solid extend to infinity along the axis of the
borehole, and the solid extends to infinity away from the borehole. In this section,
the solid will be isotropic because an analytical solution to the wave equation exists
for this case. The properties of the model are listed in Table 1.5.
The properties of the normal modes are determined from the dispersion equation,
which is derived by solving the wave equation for cylindrical waves in the fluid and
the solid and then by matching boundary conditions at the fluid-solid interface (see
Appendix A). After the dispersion equation is solved, the displacements in the solid
and the pressures in the fluid can be readily calculated. (In fact, other quantities like
the stress and strain tensors can be calculated, but an adequate understanding of the
normal modes can be obtained by studying the displacements and pressures.) The
wavenumber and frequency are used to calculate the phase velocity. Although group
velocity could be calculated numerically with the formula, U = dw/dkz (where w is the
frequency and kz the wavenumber along the axis of the borehole), the perturbation
method described in Chapter 2 is used because it is less susceptible to noise.
Phase and group velocities, pressures in the fluid, and displacements in the solid
were computed for the normal modes which exist for the model whose parameters
are listed in Table 1.5. An infinite number of modes exist, but only those at the
lowest frequencies were computed and plotted (Figures 1-8 and 1-9). The numbering
of the modes is based upon a convention established by Roever et al. (1974). The
first number in the pair is the azimuthal order number, which describes the variation
of the mode with azimuth. That is, the analytical expressions for the pressures and
displacements (equations A.11 and A.43) contain either cos nO or sin nO where n is
the azimuthal order number. The second number in the pair is the radial mode
number, which describes the variation of the mode with radial distance. Several
examples will be used to clarify what these numbers mean in terms of the pressures
and displacements of the modes. This numbering scheme and the common names of
the modes are summarized in Table 1.6.
The first mode whose azimuthal order number is 0 is called the tube wave. The
mode exists at all frequencies (Figures 1-8 and 1-9). Over a distance of one wave-
length, the pressures and particle displacements oscillate in a well defined pattern
(Figure 1-10). (In this and subsequent figures, the particle displacements, which are
actually infinitesimal, are exaggerated enormously to make the components in the r
and 0 directions clearly visible. The component in the z direction is hard to discern
due to the perspective of the illustration. Fortunately this component is not needed
to understand the basic character of the modes.) At the beginning, the pressures
and the displacements in the r and 0 directions are zero. At 1/4 wavelength, the
pressure reaches its maximum positive value, and the displacements show that the
borehole wall is dilated. At 1/2 wavelength, the pressures and displacements in the
r and 0 directions are zero again. At 3/4 wavelength the pressure reaches its maxi-
mum negative value, and the borehole wall is constricted. After one wavelength the
pressures and displacements return to their initial, zero value. Because the pressures
and displacements are the same at all azimuths, the azimuthal order number is 0. At
either 1/4 or 3/4 wavelength the pressure is not zero at any point, and consequently
the radial mode number is 0.
The next mode whose azimuthal order number is 0 is called the pseudo-Rayleigh
wave. This wave only exists above approximately 8 kHz (Figures 1-9 and 1-8). This
threshold, which is commonly called the cutoff frequency, depends upon the borehole
radius and the properties of the fluid and solid. At the cutoff frequency the mode
attains its highest phase velocity which equals the S-wave velocity of the solid. The
displacements and pressures (Figure 1-11) show no azimuthal dependence making the
azimuthal order number 0. At 1/4 wavelength the pressure in the fluid is positive
at the center and negative at the wall. Hence, the pressure is zero once between the
center and the wall, making the radial mode number 1. An infinite number of higher
order radial modes exist; the shapes of their dispersion curves are similar to that
for the pseudo-Rayleigh wave; and the cutoff frequencies increase as the radial mode
number increases (see e.g., the curve labeled (0,2) in Figures 1-8 and 1-9).
The first mode whose azimuthal order number is 1 is the flexural wave. Although
the dispersion curve ends at about 2 kHz because solving the dispersion equation at
lower frequencies is numerically difficult, the mode actually exists at all frequencies
(Figures 1-8 and 1-9). The velocity of this mode does not exceed the S-wave velocity
of the solid. Actually two modes exist having the same phase and group velocities
(Figures 1-12 and 1-13). In mathematical terms, the two modes, which are orthogonal,
are needed to form a complete set. In physical terms, a flexural wave in any arbitrary
direction can be constructed by a linear superposition of these two modes. The two
modes do not have any special orientation with respect to the solid because the solid is
isotropic. Since the pressures and displacements vary according to either cos 0 or sin 0,
the azimuthal order number is 1. Because the pressure at either 1/4 wavelength or
3/4 wavelength is not zero along an arbitrary line between the center and the borehole
wall, the radial mode number is 0. An infinite number of higher order radial modes
exists for this azimuthal order number, and the shapes of their dispersion curves are
like that for the flexural wave (see e.g., the curve labeled (1,1) in Figures 1-8 and 1-9).
The first mode whose azimuthal order number is 2 is the screw wave. Its cutoff
frequency is approximately 6 kHz, and its phase velocity does not exceed the S-wave
velocity of the solid (Figure 1-8). Two modes with exactly the same phase and group
velocities actually exist for the same reason that two flexural waves exist. Their
orientation with respect to the solid is arbitrary because the medium is isotropic.
Because the displacements and pressures vary according to either cos 20 or sin 20
(Figures 1-14 and 1-15), the azimuthal order number is 2. The radial mode number
is zero for same reason that it is zero for the other waves. Again, an infinite number
of higher order radial modes exist for this azimuthal order number (see e.g., the curve
labeled (2,1) in Figures 1-8 and 1-9). The pattern of the displacements at the borehole
wall suggests that the name for this mode is a misnomer.
Studying the normal modes at all azimuthal order numbers, all radial mode num-
bers, and all frequencies is unnecessary. The sources in modern logging tools (i.e.,
monopole, dipole, and quadrapole sources) only excite modes whose azimuthal or-
der numbers are 0, 1, and 2. Because the sources have a limited frequency range,
which extends from approximately 1 to 15 kHz, only the lower order radial modes
are excited. Therefore the tube, pseudo-Rayleigh, flexural, and screw waves in the
frequency range from 0 to 15 kHz deserve the most careful study. If the behavior
of these modes at high frequencies is desired or if the behavior of the higher order
modes is desired, then their general characteristics can be readily predicted from what
is known about these lower order modes.
The properties of the normal modes depend strongly upon the S-wave velocity
of the medium. First, the normal modes only exist when their phase velocity is
lower than the S-wave velocity. Above this threshold, the modes radiate energy
into the solid and consequently are called leaky modes. Second, the phase and group
velocities are strongly affected by the S-wave velocity (see Cheng et al., 1982). Finally,
the magnitude of the S-wave velocity relative to the acoustic velocity of the fluid
determines what normal modes exist. When the S-wave velocity is larger, all of
the normal modes from the previous example (Figures 1-8 and 1-9) exist. For this
situation, the formation is described as being either fast or hard. When the S-wave
velocity is lower, only the lowest order radial modes (e.g., (0,0), (1,0), (2,0), etc.)
exist. For this situation, the formation is described as being either slow or soft.
Table 1.1: Relations between indices in
Cartesian coordinates.
the stiffness tensor and stiffness matrix for
Quantity Value
cll 3.79 x 1010 Pa
C44 1.51 x 1010 Pa
p 2140 kg/m 3
Table 1.2: Properties of the isotropic medium. These properties are similar to those
of the Berea sandstone (Thomsen, 1986).
Table 1.3: Properties of
Mesaverde shale (5496.5)
symmetry axis is parallel
Quantity Value
Cll 7.23 x 1010 Pa
C13 2.06 x 1010 Pa
c33 6.50 x 1010 Pa
C44 2.21 x 1010 Pa
c6 6  2.51 x 1010 Pa
p 2500 kg/m
3
the transversely isotropic medium, which represents the
(Thomsen, 1986). For this list of elastic constants, the
to the z axis.
Indices for stiffness tensor Index for stiffness matrix
(ij or k1)
xx 1
yy 2
zz 3
yz or zy 4
xz or zx 5
xy or yx 6
Quantity Value
Cll 9.78 x 1010 Pa
C12 1.95 x 1010 Pa
c13 3.23 x 1010 Pa
c22 9.09 x 1010 Pa
c23 1.86 x 1010 Pa
C33 8.17 x 1010 Pa
C44 2.44 x 10'1 Pa
c55 2.00 x 1010 Pa
c66 3.18 x 1010 Pa
p 2800 kg/m
3
Table 1.4: Properties of the orthorhombic medium. For this list of elastic constants,
the symmetry planes are aligned with the coordinate planes. These properties were
measured by J. Mendelson (1989, oral communication).
Quantity Meaning Value
Cll elastic modulus for solid 3.79 x 1010 Pa
C44 elastic modulus for solid 1.51 x 1010 Pa
P2 density of solid 2140 kg/m 3
A, incompressibility of fluid 0.225 x 1010 Pa
P1 density of fluid 1000. kg/m 3
R borehole radius 0.1016 m
Table 1.5: Model parameters used to calculated the normal modes. The properties
of the solid are similar to those of the Berea sandstone (Thomsen, 1986).
Numerical Common Number
Label Name of Modes
(0,0)t tube wave 1
(0 ,1)t pseudo-Rayleigh wave 1
(0,2 )t higher order pseudo-Rayleigh wave 1
(0,0o) higher order pseudo-Rayleigh wave 1
(1,0)7t flexural wave 2
(1,1)t higher order flexural wave 2
(1,2) higher order flexural wave 2
(1,00) higher order flexural wave 2
(2,0 )t screw wave 2
(2 ,1)t higher order screw wave 2
(2,2) higher order screw wave 2
(2,oo) higher order screw wave 2
(3,0) (none) 2
(3,1)t (none) 2
(3,2) (none) 2
(3,oo) (none) 2
(4,0) t  (none) 2
(4,1) (none) 2
(4,2) (none) 2
(4,oo) (none) 2
(5,0)T (none) 2
(5,1) (none) 2
(5,2) (none) 2
(5,oo) (none) 2
Table 1.6: Normal modes that exist in the borehole model shown in Figure 1-7 when
the formation is fast. The phase and group velocities of the modes marked with a
dagger (t) were calculated for the model, whose properties are listed in Table 1.5,
and are shown in Figures 1-8 and 1-9, respectively.
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Figure 1-1: (a) Phase velocity surfaces and (b) polarizations for the two S-waves in
the isotropic medium (Table 1.2).
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Figure 1-2: (a) Phase velocity surfaces and (b) polarizations in the x-z plane for the
two S-waves in the transversely isotropic medium (Table 1.3).
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Figure 1-3: (a) Phase velocity surfaces and (b) polarizations in the x-y plane for the
two S-waves in the transversely isotropic medium (Table 1.3).
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Figure 1-4: (a) Phase velocities and (b) polarizations in the x-z plane for the two S-
waves in the orthorhombic medium (Table 1.4). (The polarizations of the S-waves can
be plotted in this manner because they are not coupled to each other for propagation
in this plane.)
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Figure 1-5: (a) Phase velocity surfaces and (b) polarizations in the y-z plane for the
two S-waves in the orthorhombic medium (Table 1.4). (The polarizations of the S-
waves can be plotted in this manner because they are not coupled to each other for
propagation in this plane.)
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Figure 1-7: (a) Cross section showing some of the complicated features of the Earth
and the borehole. (b) Mathematical model used to study wave propagation along the
borehole. (c) Cutaway view of the model which clearly shows the geometry of the
model.
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Figure 1-8: Phase velocities for the lowest order normal modes in the borehole model
described in Table 1.5.
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Figure 1-9: Group velocities for the lowest order normal modes in the borehole model
described in Table 1.5.
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Figure 1-10: (a) Particle displacements for the tube wave at the borehole wall (in
the solid and over one wavelength). (b) Corresponding pressures in the fluid. These
displacements and pressures were computed for a borehole model with an isotropic,
fast formation (Table 1.5).
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Figure 1-11: (a) Particle displacements for the pseudo-Rayleigh wave at the borehole
wall (in the solid and over one wavelength). (b) Corresponding pressures in the
fluid. These displacements and pressures were computed for a borehole model with
an isotropic, fast formation (Table 1.5).
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Figure 1-12: (a) Particle displacements for the first flexural wave at the borehole
wall (in the solid and over one wavelength). (b) Corresponding pressures in the
fluid. These displacements and pressures were computed for a borehole model with
an isotropic, fast formation (Table 1.5).
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Figure 1-13: (a) Particle displacements for the second flexural wave at the borehole
wall (in the solid and over one wavelength). (b) Corresponding pressures in the
fluid. These displacements and pressures were computed for a borehole model with
an isotropic, fast formation (Table 1.5). (Note that the perspective in this figure is
different from that in Figure 1-12.)
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Figure 1-14: (a) Particle displacements for the first screw wave at the borehole wall (in
the solid and over one wavelength). (b) Corresponding pressures in the fluid. These
displacements and pressures were computed for a borehole model with an isotropic,
fast formation (Table 1.5).
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Figure 1-15: (a) Particle displacements for the second screw wave at the borehole
wall (in the solid and over one wavelength). (b) Corresponding pressures in the
fluid. These displacements and pressures were computed for a borehole model with
an isotropic, fast formation (Table 1.5). (Note that the perspective in this figure is
different from that in Figure 1-14.)
Chapter 2
Applications of Perturbation
Theory to the Normal Modes
2.1 Introduction
In this chapter, four different applications of perturbation theory will be developed.
These applications will be used in other chapters to study the normal modes.
The first application, which will be used in Chapter 3, is calculating the phase
velocities of the modes when the formation has general anisotropy. Because analytical
solutions do not exist for this case, an approximate technique like a perturbation
method must be used. This method has not been used heretofore to study the normal
modes in a borehole although Smith and Dahlen (1973) and Woodhouse and Dahlen
(1978) used it to study surface waves and the normal modes of the Earth.
The second application, which will be used in Chapter 4, is calculating partial
derivatives. The principal advantage of using a perturbation method is that the
calculated derivatives are more accurate than those obtained by numerical differen-
tiation. Cheng et al. (1982), Stevens and Day (1986), and Burns and Cheng (1987)
used this approach to calculate derivatives for tube and pseudo-Rayleigh waves in
isotropic formations. Here, this method is extended to all normal modes for either
isotropic or transversely isotropic formations.
The third application, which was used in Chapter 1, is calculating group velocity.
The advantage of using this method is that it is more accurate than numerical differ-
entiation. Toks6z et al. (1984) used this approach to calculate the group velocities of
tube and pseudo-Rayleigh waves in isotropic formations. Here a method for calculat-
ing group velocities of all normal modes in either isotropic or transversely isotropic
formations is developed.
The fourth application is calculating in the phase velocity of a normal mode
propagating along a borehole with a slightly irregular cross section. Since many
boreholes are slightly irregular, this issue must be addressed before the dispersion
curves are used to estimate formation properties (see e.g., Chapter 4). Willen (1983)
used a perturbation method to calculate seismograms generated by a monopole source
in an elliptical borehole but did not report how the ellipticity affects the velocity
dispersion. Nicoletis et al., (1990) determined how the ellipticity of a borehole affects
the phase velocity of a tube wave at the zero frequency limit. In this chapter, a
method of calculating the phase velocities of all normal modes at all frequencies
when the borehole is slightly irregular is presented.
The chapter begins with the derivation of an equation which relates perturbations
in frequency, wavenumber, elastic moduli, densities, and locations of interfaces. This
equation is appropriate for a general model of the borehole. Then the perturbation
equation is applied to the two-layer model which is used throughout this thesis, and
formulas for the four different applications are derived. An example of each applica-
tion is presented also.
2.2 Derivation of the Perturbation Equation
The derivation of the perturbation equation is based upon a mathematical model of
the borehole environment. The model may consist of many layers, and each layer may
have any cross-sectional shape that remains the same along the axis of the borehole
(Figure 2-1). Each fluid layer is perfectly elastic, and each solid layer is perfectly
elastic and homogeneous. All layers extend to infinity along the axis of the borehole,
and the outermost layer extends to infinity away from the axis of the borehole. From
the entire model, only a volume element, V, having the shape of disk and a thickness
of one wavelength, A, is needed because wave propagation in every element is the
same. The surfaces between the layers, which are inside the volume element, are
collectively designated E'; and the surfaces on the exterior Ze. The variables needed
for the derivation are listed in Tables 2.1 for easy reference.
Because Hamilton's Principle (see e.g., Lanczos, 1970, p. 111-114; Goldstein,
1980, p. 35-37) is needed to derive the perturbation equation, it will be discussed
first. This principle is based upon the Lagrangian energy density which is defined as
the kinetic energy density minus the elastic strain energy density:
1 1
C= PUi ,- -Uj,iCijklUl,k . (2.1)2 2
ui is a displacement, iti and ul,k indicate differentiation with respect to time and
space, cijkl is the stiffness tensor, and p is the the density. L is integrated over a
volume element and one period, T. (In a general derivation of Hamilton's Prin-
ciple, the time integral has arbitrary limits, and the volume integral includes the
entire model. Because the displacements, which will be chosen later, are expressed in
the frequency-wavenumber domain, integration over one period and one wavelength
greatly simplifies the mathematics. A similar approach was used by Aki and Richards
(1980, p. 287) when they derived this principle for Love and Rayleigh waves.) Then
this integral is perturbed with respect to the displacements.
6 dt dVL= dt dV (pu 6u - 6uj,iijklUl,k) (2.2)
Gauss' theorem,
IV dV (erjiSuj),i =(2.3)
J ,dS (njrjiSuilinner side of ,- JjiSUilouter side of r.) + . dSnjriSui
where rji is the stress tensor and ni is the normal to a surface, is used to transform
the volume integral with the spatial derivatives. The divergence operator is applied
to the integrand in the volume integral, and the terms are rearranged:
(2.4)dV (cijkl6Su,i) =
- dVri,jui - I dS [n ugji6u] + + dSnjrjiSui
JV rE S e
Note the notation used for the integrand in the surface integral over E'. After applying
these changes and integrating the temporal derivatives by parts, the time integral of
the Lagrangian energy is
6 j dt dVL = dVpij6uj +T + (2.5)
t+T dt [ d(pi4 -jjj)6uj + J dS [n-rjibui]+ - J dSrr.i6i]
By convention, the perturbed displacements are chosen to be zero at t and t + T
making the second volume integral zero. The third volume integral is zero if the dis-
placements satisfy the equations of motion. The surface integrals account for the flux
of energy through the internal and external surfaces of the volume element. The sur-
face integral over E i is zero if the stress and the perturbed displacements are periodic
and satisfy the boundary conditions. The integral over E e is zero if the stress is zero
at infinite radius and the net flux through the end faces is zero. These conditions
are satisfied for normal modes (e.g., tube, pseudo-Rayleigh, or flexural waves) but
not leaky modes which radiate energy away from the center of the volume element
making the surface integrals nonzero. In summary, Hamilton's Principle indicates
that the time integral of the Lagrangian energy for a normal mode is stationary for
perturbations in displacement which satisfy the boundary conditions and which are
zero at t and t + I:
6 dt] dVL = 0
tV
(2.6)
The value of the time integral of the Lagrangian energy is also needed to derive
the perturbation equation. To find this value, multiply the equation of motion by ui,
and integrate this product over one period and one volume element. Apply the same
integrations which were used to derive Hamilton's principle but in the reverse order:
1 T dt dV (pii - i,j)U, = (2.7)
t V
Because the displacements are periodic, satisfy the equation of motion, and satisfy
the boundary conditions; the first, second, fourth, and fifth integrals are zero. The
result,
it dt JdV = 0 (2.8)
indicates that the time integral of the Lagrangian energy is zero.
Perturbation theory will be used to relate changes in the elastic moduli, densities,
locations of interfaces, frequency, and wavenumber. The mathematical formulation
is similar to that used by Woodhouse and Dahlen (1978) and by Aki and Richards
(1980, p. 286-292) and is based upon an idea first proposed by Rayleigh (1878,
section 88). The Lagrangian energy density is considered a functional of the dis-
placements, frequency (w), wavenumber (ks), elastic moduli, densities, and locations
of interfaces (which are on i) and will be designated £(ui,, , k, cijkl, P, Z). For
slight perturbations in the displacements, frequency, wavenumber, elastic moduli,
densities, and locations of interfaces; the Lagrangian energy density is expressed as
LP(ui + Sui,w + w, k C + Skz, cijkl + SCijkl, P + SP, i + Si). The derivation of the
perturbation equation begins by integrating £P over one volume element and one
period:
j+ di dV2= (2.9)
dt I dV (p + ip)(i j + 6ib, + nuw)(t, , + SiU + u+6w)
- dV1(ui + bug + keij)(Cijkl + 6Cijkl) (Ul,k + bUl,k + bkekl)
v 2
+ dS [-h12]+
where eij is the strain tensor. The perturbations in displacement (Siti, buj, and
6ul) and frequency (6w) are expressed explicitly. Because the displacements will be
expressed in the wavenumber domain, the strains will contain expressions with k,,
and the perturbations in k, can be expressed implicitly as Skzeij and Skekl. The
surface integral accounts for the change in the Lagrangian energy due to the changes
in the locations of the interfaces. (The location of each perturbed interface is specified
by moving the original interface a distance, h, along its normal.) The expressions in
the integrands are multiplied, and only terms with one perturbed variable are kept
because terms with two or more perturbed variables are very small. Integration
by parts is applied to the temporal derivatives and Gauss' theorem to the spatial
derivatives.
t+T dtf dVP =
t+T dt dV (p i - .,iklUIk + dVpzibu S +T
j dt I dV(pi - rjij)6uS - dSnriui +j dS [nrjiuij]
+ j dS [-hLC]+ - J dVbk-.eijiJckekl + J dVpw&.'uiui
+ J dV ( 6pw2UiUi - 'eCijiiklekl) (2.10)
Equations 2.8 shows that the first and second integrals are zero. Hamilton's Principle
shows that the integrals associated with the perturbations in displacement (i.e., the
third, fourth, and fifth integrals) are, to first order, zero for the normal modes. The
sixth integral is not zero because the locations of the interfaces have changed. In
Appendix B, its integrand is manipulated to remove the unknown, 8ui, and the result
is
[njrji8ui]+ = [-hniTijnkuj,k + h;iuinjnkTkj]+
The first term on the right-hand side accounts for the change in the displacements
between the original and the perturbed interfaces, and the second term for the change
in the normal, -h;i. With these simplifications, the final equation is
t+T dt [V dVSkzeijcijklekl - w6w V dVpuiui =
dt - dSh[L +niikUjk] + dSh[
-2 dVSpuiui - dVe cijklekl] . (2.11)
The first and second integrals are associated with perturbations in the wavenum-
ber and frequency, respectively. The third integral accounts for the change in the
Lagrangian energy and displacements due to the changes in the locations of the in-
terfaces, and the fourth for the changes in the normal to each interface. The fifth and
sixth integrals account for perturbations in the densities and elastic moduli, respec-
tively.
2.3 Applications
To use the perturbation equation to calculate partial derivatives, group velocity, etc.,
it must be applied to a specific model. The model must represent adequately the
actual conditions in the borehole but must be simple to keep the mathematics simple.
One model which meets these criteria consists of a fluid-filled, cylindrical borehole in a
transversely isotropic solid with its symmetry axis parallel to the borehole (Figure 2-
1). The density of the fluid is pi, and the incompressibility is A1. The density of
the solid is p2, and the elastic moduli are cll, c33, c13, C44, and c66 . (Although the
perturbation equation was derived with tensor notation, the formulas will be derived
with abbreviated subscript notation because computer code is written easily with it.)
The borehole radius is R. These variables and also the variables in the formulas which
will be derived in this section are listed in Table 2.2 for easy reference.
The displacements for this model (see Appendix A) are substituted into the inte-
grals in equation 2.11, and the results are:
t+T ITI A ik (2.12)
dtI dVtekzeijciklekl = Sk Ik (2.12)
t v 4
Sdt dVp rAT (2.13)
it v 4(2.14)dt dVSpuuA = (SplI ' + p2IP) (2.14)
t+T /
: v 4I @ T- TrT' 2.5dt dVeij6cTitjekl 1IA P + c°jfIcUI + (2.15)
&c ' 3I3 + 6cCT3
1 
' +
6cTI cTI CT3I c
oc 4 4 I C'I 66IJ
it+T dS h [L + nrijnkUJ,kI = 4 '  (2.16)
t±T dt dS h;i [uinjnkTkj 
- 4 2 (2.17)
The integration over time yields T/2. The volume integrals are computed in the
circular cylindrical coordinate system with coordinates r, 0, and z. The integration
over 0 yields (7r. When the azimuthal order number is 0, ( = 2; otherwise C = 1.
The integration over z yields A/2. The integral over radius, which usually cannot be
computed analytically, has the generic designation, I, and is listed in Appendix C.
The surface integrals, which are over 0 and z, can be computed analytically for simple
perturbations in the location of the fluid-solid interface. When the perturbations only
depend upon 0, the integration over z yields A/2. The integrals over 0 are denoted
IrE', and IE',2 and are listed in Appendix C. Note that in equation 2.15 only the five
elastic constants for the transversely isotropic solid, ,TI are perturbed.
If the elastic moduli of the solid are perturbed to make it have general anisotropy,
then a different expression for the integral involving these perturbations must be
developed. The medium, to which the perturbations are made, is always chosen to be
transversely isotropic rather than isotropic because the three additional elastic moduli
of the transversely isotropic medium allow it to be closer to the general anisotropic
medium. Consequently the perturbations can be smaller, and the solution will be
more accurate. The stiffness matrix for the anisotropic medium is written as a sum
of transversely isotropic and perturbation parts: [cIJ] = [cT] + [Scij]. For the best
results, the most amount of [cij] must be put into [cJ], and the least amount into
[ciJ]. A simple, effective method of making this separation is to minimize the norm
of [6clj], which only requires minimizing its largest eigenvalue (Strang, 1980, p. 286).
To compute the integral associated with the perturbations in the elastic moduli,
the perturbation stiffness tensor which is defined in the Cartesian coordinate system
must be transformed into the cylindrical coordinate system. The transformation
is based upon this property: at a point in space, the components of a tensor in
cylindrical coordinates equal the components of the equivalent tensor in Cartesian
coordinates when the axes of the Cartesian and cylindrical coordinate systems are
aligned (Malvern, 1969, p. 531). The transformation is performed with
[6c'Ij] = [M] [6cj][M]T (2.18)
where [6c'IJ] is the perturbation
stiffness matrix at 0 = 0, and
Cos 2 0
sin2 0
0
[M] =
0
0
-1 sin 207
stiffness matrix at angle 0, [6cIJ] is the perturbation
sin2 0
Cos 2 0
0
0
0
Ssin 20
0
0
0
cos 0
sin 0
0
0
0
0
- sin 0
cos 0
0
sin 20
- sin 20
0
0
0
cos 20
(2.19)
(Auld, 1973, p. 77). (This transformation is not applied to cjTI because it is the same
at all azimuths.) The final integral, which pertains only to the solid, is
+  rAT"J (2.20)
dtI dVeibci klekl c (2.20)
v 4
where IcIJ includes the perturbations in all elastic moduli and is given in Appendix
C.
2.3.1 Phase Velocities for a Slightly Anisotropic Solid
Calculating the phase velocities of a normal mode when the solid has slight, general
anisotropy requires four steps. First, the elastic moduli for the starting transversely
isotropic model (whose symmetry axis is parallel to the borehole) are calculated.
Second, at each frequency the phase velocity and wavenumber of the normal modes for
the starting model are computed using equation A.46. An important point, which will
be thoroughly discussed in Chapter 3, is that the mode in the transversely isotropic
model must have the same orientation that the mode in the general anisotropic model
has. Third, at each frequency the perturbation in the phase velocity, Sv, is calculated.
The formula to perform this calculation is derived by substituting equations 2.12
and 2.20 into 2.11 and ignoring the integrals associated with the other perturbations.
The perturbation in phase velocity is calculated from Skz using bv = -vkz/k, which
is derived from kev = w by assuming that w is constant. The resulting equation is
6v = I (2.21)
2k2 Ikz
Fourth, the velocity corrections are added to the original dispersion curve for the
transversely isotropic model.
Test results show that the predicted phase velocities are quite accurate. For the
test, exact phase velocities were calculated for a model with transversely isotropic
solid with its symmetry axis parallel to the borehole (Table 2.3). Then the isotropic
part of the transversely isotropic stiffness matrix was determined. (For this test case
only, cjj are the moduli for the isotropic solid, and ScIJ are the perturbations which
make the solid transversely isotropic.) After calculating the phase velocities for the
isotropic model, velocity corrections, which account for the transverse isotropy, were
computed with the perturbation method and were added to original phase velocities.
In general, the predicted velocities are very close to the exact solutions, although
slight erros occured near the cutoff frequencies for the screw and pseudo-Rayleigh
waves (Figures 2-2 and 2-3).
As an example of this application, the phase velocities of quasi-flexural waves in a
model with an orthorhombic solid (Table 2.4) were calculated. In the starting model,
the first flexural wave (# 1) is aligned with the polarization of the slow qS-wave
whose wavenumber vector is parallel to the borehole; the second flexural wave (# 2)
is aligned with polarization of the fast qS-wave whose wavenumber vector is parallel
to the borehole. The predicted velocities of the two quasi-flexural waves are slightly
different and are related to their orientation (Figure 2-4). (A thorough analysis of
these modes is in Chapter 3). Above the phase velocity of the slow qS-wave (2.67
km/s), the velocities predicted with the perturbation method seem reasonable, but
their accuracy is suspect. That is, modes whose phase velocities are greater than the
phase velocity of the slow qS-wave are leaky which means that they radiate energy
away from the borehole. Consequently the velocities of the leaky mode are being
predicted with a normal mode which has very different displacements.
The perturbation method is appropriate for this problem because the perturba-
tions in the elastic moduli are small. Many researchers currently believe that the
azimuthal variations in S-wave velocity frequently range from 3 to 5%, and those in
the P-wave velocity are even less (S. Crampin, 1988, oral communication; D. Corri-
gan, 1989, oral communication; D. F. Winterstein, 1989, oral communication). Since
the anisotropy is small, the perturbations in the elastic moduli, [ScIJ], will be small,
and the calculated phase velocities will be accurate.
2.3.2 Partial Derivatives
Partial derivatives for a transversely isotropic model (whose symmetry axis is parallel
to the borehole) are calculated by relating perturbations in either the elastic moduli
or densities to perturbations in either the frequency or wavenumber. For example, to
calculate the partial derivative of the wavenumber with respect to an elastic modulus
of the solid, equations 2.12 and 2.15 are substituted into equation 2.11. The integrals
associated with the other perturbations are ignored, and the equation is rearranged:
skz 1 Ici
6cI 2 I kz
Comparing the effects that each elastic modulus has upon the wavenumber is done
easily when the partial derivative is normalized:
cjTI 6kz TIJ ICIJTI
kz cJ - 2kZ Ikz
This derivative is sometimes called the sensitivity. The other partial derivatives (Ta-
ble 2.5) are derived in a similar manner.
As an example of this application, normalized partial derivatives for a tube wave
(Figure 2-5) in a transversely isotropic model (Table 2.3) were calculated. The inte-
gration over radius was performed numerically using Gaussian quadrature and was
terminated when the sum converged to four significant digits. A more extensive com-
pilation of partial derivatives for models with fast, slow, and very slow formations is
in Appendix E.
Some simple additions can be used to check the accuracy of the normalized partial
derivatives. For example, the sum of the derivatives of the frequency with respect to
the moduli are
S l1 cl1+TI Ic cTI I CTI
2w 2 Iw 2w 2 w 2w 2 1w
S1 AT2 - [ (A 1  11 +...+ C 6 Ic 6
The expression within the first set of brackets is the time integral of the kinetic
energy, and the expression within the second set is the time integral of the elastic
strain energy. Because these energies are equal (see equation 2.8), the sum, S, must be
1/2. Similarly, the sum of the normalized derivatives of the frequency with respect to
the densities must be -1/2; the sum of the normalized derivatives of the wavenumber
with respect to the elastic moduli times UGI/v (where UG is the group velocity) must
be -1/2; and the sum of the normalized derivatives of the wavenumber with respect
to the densities times UG/v must be 1/2. (Equation 2.23 may be used to calculate
UG .)
When the formation is isotropic, the partial derivatives can be calculated readily
with the previous equations because isotropy is a special case of transverse isotropy.
Using the Lame parameters, which are related to the elastic moduli via cl I = c =
A2 + 2/u2 , C3 = A2, and c = c4 = /2, equation 2.15 may be written:
t+T TI (rAT (2.22)dtI dVe6c ekl x (2.22)
ITi TI TI TI + ICTI TI[Ai6  + 6(A2 + 2 12)(11 + J + 13) + (I2 + 6 - 21 )13
Usually the derivative with respect to the formation P-wave velocity, a2, is desired
and can be obtained with 2(A2 + 2 2)/(A2 + 2 2) = a2 /b 2, which is derived from
a2 = (A2 + 21-2 )/p 2. The derivative with respect to the formation S-wave velocity,
32, is obtained with 2u2/6S2 = 02/602, which is derived from d2 = /L2/p2 . Finally,
the derivative with respect to the acoustic velocity of the fluid, al, is obtained with
2A1/6A 1 = al/ba1 which is derived from a 2 = Al/P 1 . (The 2 in these equations causes
the normalized partial derivatives to sum to 1.) The normalized partial derivatives
based upon these velocities are listed in Tables 2.6 and 2.7.
2.3.3 Group Velocities
Group velocity is calculated by relating perturbations in frequency and wavenumber.
To derive the formula, equations 2.12 and 2.13 are substituted into equation 2.11, the
other integrals are neglected, and the equation is rearranged:
Sw 1 I kZ
UG (2.23)Skz w I
As an example of this application, group velocities for tube and flexural waves in
the transversely isotropic model (Table 2.3) were calculated (Figure 2-6). Additional
examples are in Chapter 1.
2.3.4 Phase Velocities for a Slightly Irregular Borehole
Calculating the phase velocities of a normal mode when the borehole wall is slightly
irregular requires four steps. First, a model with a cylindrical borehole, whose radius
is close to the average radius of the irregular borehole, is selected. Second, at each
frequency the phase velocity and wavenumber for the normal modes in the cylindrical
model are computed using equation A.46. Third, at each frequency the perturbation
in phase velocity is calculated. The formula to perform this calculation is derived
by substituting equations 2.12, 2.16, and 2.17 into equation 2.11 and using 6v =
-v6k/kz. The other integrals are neglected, and the equation is rearranged:
w 
i 'I 
- IE ' ,2
6v = (2.24)(rk2 I k z
Fourth, these velocity corrections are added to the original dispersion curves. How-
ever, because the corrections are usually small, comparing the dispersion curves for
the circular and irregular boreholes would not be worthwhile. Instead the corrections
are displayed as the percent change in the phase velocity, 100% x 6v/v.
Test results indicate that the estimated phase velocities are accurate even for
moderately large perturbations in the borehole wall. For the test, the solid was chosen
to be isotropic (Table 2.8). Exact dispersion curves were computed for two cylindrical
boreholes with radii, R and R + ER where c is a scaling parameter (Figure 2-7), and
the difference between the velocities at each frequency is the exact perturbation.
Equation 2.11 was used to estimate the same perturbations by changing the location
of the borehole wall with h(0) = 6R. When E = 0.05, the estimated and exact
perturbations are nearly equal, but when c is larger, say 0.10 or 0.20, the estimated
perturbations are too large at moderate and high frequencies (Figure 2-8). This
discrepancy for large values of e is observed with the other normal modes also. Based
upon these results, the maximum value of e for which the perturbation method could
give reasonably accurate results was judged to be 0.10.
As an example of this application, the velocity changes were calculated for a tube
wave in an elliptical borehole. The perturbation in the borehole wall is given by
h(O) = REcos2 (9 - 0) where e = 0.10 and 0 = 450 (Figure 2-9), and the properties
of the model are listed in Table 2.8. The percent change in phase velocity at all
frequencies is always less than 0.1% (Figure 2-10).
The perturbation method is appropriate for this problem because the irregulari-
ties in actual borehole walls are often small. For example, many boreholes have an
elliptical shape for which c is usually less than 0.03 or 0.04 (Figure 2-11) (R. Siegfried,
1988, oral communication). Therefore, the velocities predicted with the perturbation
method will be accurate.
2.4 Summary
Using perturbation theory, an equation which relates first order perturbations in fre-
quency, wavenumber, elastic moduli, densities, and locations of interfaces was derived.
This equation applies to a general model which can have many fluid or solid layers
with any cross-sectional shape. To develop some useful formulas, the perturbation
equation was applied to the two-layer model which is used throughout this thesis.
The inner layer is a fluid, and the outer layer is a transversely isotropic solid with
its symmetry axis parallel to the borehole. Because analytical expressions for the
displacements exist for this particular model, the terms in the perturbation equation
simplify greatly. Formulas were derived to calculate (1) phase velocities for a model
with slight, general anisotropy, (2) partial derivatives of either the wavenumber or
frequency with respect to either an elastic modulus or density, (3) group velocity, and
(4) phase velocities for a model with a slightly irregular borehole. These formulas
are applicable also to models with an isotropic solid because it is a special case of a
transversely isotropic solid. Furthermore, the formulas can be used for modes with
any azimuthal order number or any radial mode number.
Variable Meaning
p density
cijkl elastic modulus
ui displacement
eij strain
j i stress
Ti traction
kz wavenumber in z direction
A wavelength
t time
w frequency
T period of mode
Ei  interior surface
Ee  exterior surface
nj normal on Ei or Ee
h perturbation to E' along nj
S surface area
V volume
L' Lagrangian energy
Table 2.1: Variables needed to derive the perturbation equation.
Variable Meaning
r, 0, and z
n
v
UG
a 1
a 2
02
A1
A2, [2
Pl
P2
CIJ
TI TI
cijkl or cIj
6CIJ]
[6c,'J]
[M]
Ur, uo, and uz
Ur, U0, and Uz
Err, Eoo, Ezz, etc.
R
Ikz
IP1
IP2
I 1A
IcTI
I rE lS and I
E '
,2
Ice, Is , and I,
d11, d12 , d13, etc.
cylindrical coordinates
azimuthal order number
phase velocity
group velocity
acoustic velocity of fluid
P-wave velocity of an isotropic solid
S-wave velocity of an isotropic solid
Lame parameter for fluid
Lame parameters for an isotropic solid
fluid density
solid density
elastic modulus in abbreviated subscript notation
elastic modulus for a transversely isotropic solid with
its symmetry axis parallel to the borehole
perturbation stiffness matrix at 0 = 0
perturbation stiffness matrix at angle 0
rotation matrix for [Sc'ij]
displacements in r, 0, and z directions
Fourier transforms of u,, uo, and u,
Fourier transforms of strains
borehole radius
integral related to t
integral related to t
integral related to t
integral related to t
integral related to t
integral related to t
integral related to t
integrals related to
he perturbation of k,
he perturbation of w
he perturbation of pi
;he perturbation of p2
;he perturbation of AX
;he perturbation of cTJ
;he perturbation of cyj
the perturbation of E'
additional integrals needed to compute IE', and IF',2
factor related to integral over 0
additional terms needed to compute I cIJ
scaling parameter in the analytical expressions for h
Table 2.2: Additional variables needed to derive formulas for partial derivatives, group
velocity, etc.
Table 2.3: Properties of a transversely isotropic model
of the solid is parallel to the z axis. The properties
Mesaverda shale 5496.5 (Thomsen, 1986).
for which the symmetry axis
of the solid are those of the
Quantity Value
cll 9.78 x 1010 Pa
C12 1.95 x 1010 Pa
c13 3.23 x 1010 Pa
C22 9.09 x 1010 Pa
C23 1.86 x 1010 Pa
C33 8.17 x 1010 Pa
C44 2.44 x 1010 Pa
c55 2.00 x 1010 Pa
C6 6  3.18 x 1010 Pa
P2 2800 kg/m 3
A1  0.225 x 1010 Pa
P1 1000. kg/m 3
R 0.1016 m
Table 2.4: Properties of the orthorhombic model. The symmetry planes for the
orthorhombic solid are parallel to the coordinate planes. The properties of the solid
were measured by J. Mendelson (1989, oral communication).
Quantity Value
C11 3.126 x 1010 Pa
C13 0.245 x 1010 Pa
c33 2.249 x 1010 Pa
C44 0.649 x 1010 Pa
c66 0.882 x 1010 Pa
p2 2075. kg/m3
A, 0.225 x 1010 Pa
P1 1000. kg/m 3
R 0.1016 m
Normalized
axis parallel
partial derivatives for
to the borehole.
a transversely isotropic model with its
a 1  a1 Sk z A_ 1 I
'
1
k oa1  kz I k"
a 2  a2 6ks A2 + 2p12 I CT ' + I + 1c3
k z al1 kz I
k
,
TI TI TI
32 02 kz I 2 44 + Ir - 2Ic13
kz 62 k Ik
Table 2.6: Normalized partial derivatives of the wavenumber for an isotropic model.
Normalized Normalized
Partial Derivative Partial Derivative
Quantity of Wavenumber of Frequency
A,1  1 6kz A1 I' A1 Sw _ 1 IX'
k, 6A1  2k, Ik. w S 1  2w2 Iw
TI TI z TI iCT TI 6W TI icTi
c c s c c _ cf IcT
k bcTI 2k Ikz  c cI 2w2 
I w
P1 p Skz, p1 W 2 I
pl  P1 _ P1 Il1
kz Spl 2kz Ikz WSpl 2 IW
P2 P2 Sk, p2W2 JP2 P2 _ P2 IP2
kz~Sp 2 2kz I'k W SP2 2 I"
Table 2.5:
symmetry
Normalized
Partial Derivative
of WavenumberQuantity
Normalized
Partial Derivative
Quantity of Frequency
Ce a Sw A1 IA1
w Sa W2 Iw
TI +CTI + ICTI
a2  a2 6W + 2/L2 c 1 +33 +13
w ba 2  2 IO
P/3 /2 S&W _z [ITI + ICgTI TI
w S/ 2  w2  Iw
Table 2.7: Normalized partial derivatives of frequency for an isotropic model.
Quantity Value
c(11 3.79 x 1010 Pa
c44 1.51 x 1010 Pa
p2 2140 kg/m 3
A 0.225 x 1010 Pa
P1 1000. kg/m 3
R 0.1016 m
Table 2.8: Properties of the isotropic model. The properties of the solid are like those
of the Berea sandstone (Thomsen, 1986).
I C
SOLID FLUID
Figure 2-1: Cutaway view of the mathematical model used to derive the perturbation
equation. Although the model may have many layers, this two-layer model was chosen
to show clearly the important features.
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Figure 2-2: Accuracy of the phase velocities of the tube wave predicted by the pertur-
bation method. Starting with an isotropic model this method is used to predict the
phase velocities for the transversely isotropic model (Table 2.3) with the symmetry
axis parallel to the borehole.
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Rayleigh waves predicted by the perturbation method. Starting with an isotropic
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Figure 2-5: Normalized partial derivatives for the tube wave in the transversely
isotropic model (Table 2.3).
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are used to test the perturbation method. The properties of the isotropic model are
listed in Table 2.8, and the velocity changes are in Figure 2-8
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Chapter 3
Effects of Anisotropy upon the
Normal Modes
3.1 Introduction
Because many geophysicists believe that the crust of the Earth is slightly anisotropic,
several research groups have studied how it affects the waves generated during acous-
tic logging. Tongtaow (1980), White and Tongtaow (1981), Tongtaow (1982), Chan
and Tsang (1983), and Schmitt (1989) focused on the special case of transversely
isotropy with the symmetry axis aligned with the borehole. White and Tongtaow
studied the waves generated by monopole and dipole sources and determined what
affects the velocities and amplitudes of the refracted and guided waves. Chan and
Tsang examined the amplitudes and velocities of the refracted waves in concentrically-
layered, transversely isotropic formations. Schmitt studied the velocity dispersion
curves, the attenuation curves, and the frequency-dependent sensitivities for the nor-
mal modes when the formation is transversely isotropic and permeable. Recently,
some researchers have focused on transverse isotropy when the symmetry axis is per-
pendicular to the borehole. Leveille and Seriff (1989) determined the particle motion
of the tube wave at the zero frequency limit, and they studied the horizontal dis-
placement on the inner wall of a finite length, cylindrical shell which has be excited
by a horizontal point force. Nicoletis et al. (1990) determined the phase velocity and
particle displacements of a tube wave at the zero frequency limit.
No complete investigation has been performed for wave propagation in a borehole
when the formation is transversely isotropic and the symmetry axis in not aligned
with the borehole or when the formation has more general anisotropy. Consequently
this chapter is devoted to solving the wave equation and to studying the behavior
of the normal modes for these complicated cases. The solution is derived in the
frequency-wavenumber domain and is based upon a variational method which uses a
combination of analytical expressions and finite elements. Although investigators in
other disciplines have used a similar approach to solve the wave equation in anisotropic
media (Nelson et al., 1971; Nelson, 1973; Huang and Dong, 1984; and Kausel, 1984),
the solution for this problem in significantly more complicated for two reasons: (1)
the wave equation must be solved for a cylindrical geometry when the anisotropy of
the formation is defined in the Cartesian coordinate system, and (2) a fluid is present.
With this solution, phase velocities, group velocities, and displacements are analyzed
to determine how the anisotropy affects the normal modes.
Although only one problem is studied in this chapter, the variational method
developed here can be readily adapted to study many problems. The mesh can be
altered to model a borehole with a highly irregular cross section which might be
caused, for example, by a breakout (see e.g., Zoback et al., 1985). Additional fluid
and solid layers can be added to model a cased borehole, a borehole with a tool
in the center, and even a borehole with a tool which is not in the center. Wave
propagation in an infinite rod which is heterogeneous and anisotropic and which has
an irregular cross section (a topic which is important to the engineering community
(Redwood, 1960; Miklowitz, 1978; Thurston, 1978)) can be studied easily. Because
these problems can be solved with minor modifications of the method developed here,
this chapter should be interesting to a wide audience.
3.2 Method
This section is devoted to developing a solution to the wave equation for the situation
which exists during acoustic logging. First a mathematical model of the borehole en-
vironment is developed; then a variational equation which describes wave propagation
in the borehole is formulated; and finally the variational equation is solved with the
finite element method. Since many variables are need in this section, they are listed
in Tables 3.1 and 3.2 for easy reference. All tensors are expressed with abbreviated
subscript notation.
3.2.1 Formulation
The model for the borehole environment consists of a perfectly elastic fluid in a
cylindrical borehole through a perfectly elastic, homogeneous solid (Figure 3-1). The
fluid and solid extend to infinity along the axis of the borehole, and the solid extends
to infinity away from the borehole. The z axis of the coordinate system is in the
center of the borehole, and the borehole radius is R.
The usual approach to solving related problems in wave propagation involves
developing the solution to the wave equation in each layer and then matching the
continuity conditions at the interfaces between the layers (see e.g., Kennett, 1983,
Chapter 2). Using this approach for the borehole model would require solving the
wave equation in cylindrical coordinates for the solid whose anisotropy is defined in
Cartesian coordinates (e.g., transverse isotropy with any orientation of the symmetry
axis or orthorhombic anisotropy). Using the separation of variables technique (Ap-
pendix D), the propagation in the z direction may be described by exp(ikzz) where
k, is the wavenumber in the z direction. However, the anisotropy prevents the solu-
tion from being separable in r and 0. To overcome this problem of inseparability, a
variational method can be used.
The variational method is based upon Hamilton's Principle. This principle is
formulated with the Lagrangian energy which is defined as the kinetic energy of
a system minus the potential energy of a system. In wave propagation problems,
these energy terms are usually formulated with displacements (see e.g., Lysmer, 1970;
Lysmer and Drake, 1972; Kausel and Roasset, 1981); however, when a fluid is present,
the finite element solution to the variational equation works better when the energy
terms for the fluid are formulated with a velocity potential, 0:
V0 = -u (3.1)
where 6 is the particle velocity (Everstine, 1981; Olsen and Bathe, 1985a). For this
reason, the variational equation will be developed with three parts: one that pertains
only to the fluid and is formulated with the velocity potential, another that pertains
only to the solid and is formulated with displacements, and a third that involves the
boundary conditions at the fluid-solid interface. (The reason that this third term is
included in the variational equation will be presented later.)
For the fluid, the kinetic energy density is pliTJ6/2 where pi is the fluid density.
Using equation 3.1, the kinetic energy is
L dV-pi(V)TVO (3.2)
where V is the fluid volume. The potential energy density of the fluid is A10 2/2 where
A is the incompressibility and O is the dilatation (Bullen, 1963, p. 26). To express
this energy density in terms of 0, several algebraic substitutions must be made. The
dilatation is defined as
O = Vu (3.3)
(Bullen, 1963, p. 17) and using equation 3.1 its temporal derivative is
6 = -V2  . (3.4)
Using the wave equation for the fluid,
V2- = -l (3.5)
where Al/Pi is the square of the velocity (Lamb, 1879, section 287), the dilatation is
expressed in terms of the potential:
l = -i (3.6)
Therefore, the potential energy of the fluid is
dV 1 p 2 (3.7)
v, 2A,
For the solid, the kinetic energy is derived by integrating the kinetic energy density
over the volume of the solid:
V dV-p 2 i (3.8)
where p2 is the density of the solid and V2 is the volume. The potential energy is
derived similarly:
IdV1ETCE (3.9)
where E is the strain and C is the stiffness matrix.
Two boundary conditions exist at the fluid-solid interface. First, the normal
conponents of displacement in the fluid equal the normal conponents of displacement
in the solid:
n ufluid = n. usolid (3.10)
where n is the normal to the interface. Second, the traction that the fluid exerts on
the solid is the negative of the traction that the solid exerts on the fluid:
Tfluid = _Tsolid, (3.11)
and the tractions are normal to the interface:
Tsolid = n [Tsolid n (3.12)
Tfluid (-n id . (_n)] . (3.13)
Expressions for the work done at the fluid-solid interface are used to include these
boundary conditions in the variational equation. The work done on the fluid by the
solid is
fluid dS Tsolid . ufl u i d  (3.14)
where E is the surface. The integrand must be manipulated to include the boundary
conditions and also must be expressed in terms of the velocity potential in the fluid
and the displacements in the solid because these quantities will be perturbed to
develop the variational equation. Substitute equation 3.12 and then equation 3.10
into the integrand:
fluid dS [Tsolid n n usolid (3.15)
The normal component of traction can be expressed in terms of pressure using equa-
tion 3.11:
Tsolid . = -Tfluid n
S-p . (3.16)
The pressures is defined as
p = -AjX , (3.17)
(Bullen, 1963, p. 23) and can be expressed in terms of the potential using using
equation 3.6:
p=pi4 . (3.18)
Combining equations 3.15, 3.16 and 3.18, the work done on the fluid at the interface
is
- fluid dSpn us olid (3.19)
The derivation for the work done on the solid is very similar, and result is
solid dSpln 
-usolid 
. (3.20)jz
The Lagrangian
the fluid, solid, and
energy for the entire model is formed from the energy terms for
fluid-solid interface:
(3.21)L = dV pi(V)TV - 1V1 dVP12 2 +
I, 2 IVmT m-d 2 AIp
1 1 T -
dVIP 2 u u J2 dETCE -
V2 2 Jv22
fluid solid solid
dSpin -uld +J dSpn -usolid
Notice that the net energy at the interface is zero. Hamilton's Principle states that
the time integral of the Lagrangian energy is stationary for perturbations in the
configuration of the system which satisfy the boundary conditions and which are
specified at the initial and final times:
j2
0 = 6 dtL11 (3.22)
(see e.g., Lanczos, 1970, p. 111-114; Goldstein, 1980, p. 35-37). The initial and final
times, tl and t2, are arbitrary. To find the variational equation which describes wave
propagation, substitute equation 3.21 into equation 3.22:
0 = 2 d ( dVpI(V)V , -i dV 6$ +
jt2 dt dVp2 6u'u - dV &CE +
2 dt fluid solid fluidsolid
Sdt solid dSp6n uslid solid dSp n - 6u soliditdp6~ d~ ~~~ U
(3.23)
Note that SE refers to perturbations in displacement.
The second and third surface integrals are not needed in the finite element solution
and will be shown to cancel. In the frequency domain, the sum of these two integrals
is
zw JdSpi n . 5 usolid - z dSp1Sn .i solid (3.24)
where the labels "fluid" and "solid" have been dropped. The displacement at the
interface is expressed in terms of the potential using equations 3.1 and 3.10:
n- solid = n ffluid (3.25)
1 o:
where 0/On is the gradient in the normal direction. Substituting this expression into
the sum of the integrals gives
Pi dS 6n) (3.26)
Greens second identity (Carrier and Pearson, 1976, p. 140) shows that this surface
integral is
P/ dV ( V2S S6 (3.27)
v, a / Pj ( n On
P dS , -5 -
where E1 and E2 are the surfaces at z = oo and z = -oo, respectively. (The volume,
Vi, has the shape of a right circular cylinder. The surface, E, is on the side of the
cylinder, and the surfaces, E1 and E2, are on the ends.) The surface integrals over El
and E2 cancel by making the length of the cylinder an integral number of wavelengths.
Using the wave equation (3.5) the volume integral is
Pi dV ( wA1) ( b~ - 6 q) (3.28)
which equals zero. Therefore, the sum of the second and third surface integrals in
equation 3.23 equals zero, and an analogous arguement can be used to show that the
sum of the first and fourth integrals also equals zero. Because both pairs of integrals
contain the same information about the boundary conditions, only one pair is need.
For reason, the first pair (i.e., the second and third surface integrals) are deleted from
equation 3.23, but the second pair are retained.
The temporal derivatives of the perturbed quantities in the equation 3.23 are
integrated by parts:
t2 t2.
o = itl dVpl (V 7)TV + dV-1 b) - /L dV E10b0l  + (3.29)
it (- /d Vip26ui /f dV6ETCE) + [ dVp 2 S&6U t2 +
2 d fluid dSp solid solid n usolid
jt cit L dSpqn Susol)
fluid d 2Jr dSpiSn -u od
By convention, the perturbations in the configuration of the system (i.e., the po-
tentials and the displacements) at t1 and t2 are zero: 6(tl) = &(t 2) = 0 and
6u(tl) = 6u(t 2) = 0. With these simplifications, the final equation, which is called
the variational equation, is
0 = dit ( dVp1(Vq) T VO + JdV 260 - (3.30)
I2 dVp26u'Tii - JdV6ETCE+
fluid dSpi Sn solid solid dSplqn - 6usolid
3.2.2 Solution
Discretization with Finite Elements
To solve the variational equation, expressions for the velocity potential, displacement,
and strain must be developed. Because the wave equation is separable in z, prop-
agation in this direction is described with exp (zkzz) (see Appendix D). The wave
equation is not separable in r and 0, and the finite element method is used to de-
scribe the velocity potentials and displacements in this plane. The horizontal plane
is divided into small regions called elements, and the elements collectively form what
is called the mesh (Figure 3-2). As a result of this discretization, the variational
equation includes sums over the volumes of all elements and the surfaces between the
elements at the fluid-solid interface:
o = 2 dti( () dV(m)pm)(VS(m) TV (m) + (3.31)
r(m)2
JV(m) dV(mr) 6 (m ) (m)-
( dV(n)p n)u(n)Ti(n) + dV(n)E(n)TC)E(n) +
Q fluid dS(q)pi q) n(q (q() i (q)s o l i d +
q=1
solidddS()pq)'()) uq) )slid)
where M, N, and Q are the numbers of fluid, solid, and interface elements, respec-
tively, and m, n, and q are the associated indices. To solve this equation, expressions
for the velocity potential, displacements, and strains must be developed for the finite
elements.
Expressions for Velocity Potential, Displacement, and Strain
For a fluid element (Figure 3-3), the potentials are assigned at nine preselected points
which are called nodes. (The potentials at these nodes are actually unknown at
this stage and are calculated later.) The potential at a point within the element is
calculated by interpolation. The interpolating functions for this wave propagation
problem were chosen to be quadratic polynomials in x and y (Bathe, 1982, p. 200)
because this order polynomial can approximate a reasonably complicated function
without too much algebra. The potential at (x, y) within element m is a linear
combination of the nine interpolating functions for the nine nodes:1
O(m)(x, y, z,t) = dkzh(m)(x, y)4(m)(kz, t)etkzz (3.32)
where h(m)(x, y) is a row vector whose nine elements are the interpolation functions:
h(m) (x, y)=( hm)(x,Y) hm)(x,y) -...- hm)(x,y)
and fP(m)(k,, t) is a column vector with the nodal potentials:
4m)(k., t)
( ()(m k, t)=t)
(m)ck t)
Note that Cartesian coordinates are used because the finite element method is actually
easier to implement with them than with circular cylindrical coordinates. The fluid
elements in the center of the mesh have six nodes (Figure 3-4), and the interpolating
functions are also quadratic (Bathe, 1982, p. 230). The potential within this type of
element is expressed with an equation like equation 3.32 except that h(m)(x, y) and
b(m)(kz, t) only have six entries.
For a solid element, the three components of displacements are assigned at the
nine nodes. The displacements at (x, y) within element n are
1 00
un)(x, yz,t) = -2 dkzHC )(x, y)U(n)(kz, t)e 'kzz (3.33)
where H(n)(x, y) is 3 x 27 matrix:
h ")(x, y) 0 0
h ) (x, y) 0 0
0 h ") (x, y) 0
H(n)(x, y) =
S hn) (x, y) 0
0 0 h ) (x, y)
0 0 h9n(X,y)
and U(n)(k, t) is a column vector with 27 elements:
u(n)(kz,t) =
9 ( kz, t)
Un t)
u(,n)rz, t)
1Z (kZ, t)
U~n) (kz, t)
The expression for the displacements in the outermost elements is slightly different.
Because their outer edges are located at infinite radius where the displacements are
zero, nodes 1, 2, and 5 are not needed. Consequently U(kz, t) has 18 elements, and
H(x, y) is now a 3 x 18 matrix.
The strain at (x, y) within a solid element with nine nodes is
E(n)(,y, z,t) = dk y) + Y y)) U t)ekzz
- k BOOkB' (,y k
(3.34)
B()(x, y) accounts for differentiation in the x
B) (x, y) =
h(nX, y)
hX (x, y)
0
0
0
00
0
0
hY (x,
h (x,
0
0
0
0
y) 0
y) 0
0
0
and y directions, and its size is 6 x 27:
0
0
0
0
h1) (,y)
h(n)(, Y)
0
0
0
0
h1 (x, y)
h (x, y)9(, y
h(n)(, y)
hy(x, y)
h(n(X, y)
h(n)(, y)
0
0
)T
Bl")(x, y) accounts for differentiation in the z direction, and its size is also 6 x 27:
o 0 0 0 h n)( x,) 0
0 0 0 0 h,")(, y) 0
0 0 0 h(n) (,) 0 0
B ) (x, y) =
0 0 0 hn)(X, y) 0 0
0 0 h ) (x,y) 0 0 0
o 0 h(X(I,) 0 0 0
For the outermost elements, Bo )(x, y) and B l)(x, y) are both 6 x 18 because nodes
1, 2, and 5 are not included in the expression for the strain.
Along the fluid-solid interface, special elements are used (Figure 3-5). Locations
within an element are specified by the distance along the interface, 1. The potential
at 1 in element q is
(l z,1) = dkt)(1)( )(k, t)ekzz (3.35)
h(')(l) is a row vector,
hI )(1) = h Il) (1) h12 (1) h%)(1) ,
whose elements are interpolating functions developed from quadratic polynomials in I
(Bathe, 1982, p. 199): #(q)(kz, t) is a column vector whose elements are the potentials
at the three nodes:
S(4)(kz, t) = 2)(kz,t )
,( ( q) (k, t)
The normal displacement at I in element q is
n u(q)solid(1,z,t) = 1 dkzH()(I)Uq)(k, t)eskz (3.36)2 95oo
95
where U(q)(kz, t) is a column vector whose elements are the components of the dis-
placements at the three nodes:
U()( t)
The normal on the interface for node i is (cos 0,, sin O;) where O; is the angle that the
normal makes with a line parallel to the x axis. H , )(l) is a row vector consisting of
the interpolation functions and the appropriate components of the normal:
h (1) cos 2
h (1) cos 03H t (3) =
h (l) sin 0
h(l) sin 2
h -(l) sin 93
Note that U(Q)(kl, t) does not contain any components of the displacements in the z
direction because the normal to C is always perpendicular to the z direction.
Integrals in the Discretized Variational Equation
To show how the integrals in the discretized variational equation are derived, the
integral associated with the potential energy of the fluid will be derived in detail.
Because the derivations for the other integrals are nearly identical, only the final
results are presented.
The derivation of the integral associated with the potential energy of the entire
fluid begins by computing the related integral for a fluid element. Equation 3.32 is
fluid begins by computing the related integral for a fluid element. Equation 3.32 is
substituted into this integral:
(m)2
/v(m) dV(m) S5¢(m) (m) = (3.37)
dx dy dzP1 1 J00 TdI dm) - _ dkJ [h(m)(x,y)6#(m)(k',t) kz
x Jo dkzh(m)(x, y) i(m)(k, t)etkzz
where the integrals over x and y only pertain to the domain of the element. The
order in which the integrations are performed is changed:
dV(m) P_- (2() (m )  11 dk1 , dk' (3.38)
X (m)T (k) dx J-dyo J-o(m)2 00
To perform the integration over x and y, coordinates within the elements are calcu-
lated using the same interpolations functions which are used to calculate the poten-
tial. The result which is obtained with Gauss-Legendre quadrature (Bathe, 1982, p.
277-278) is a real, symmetric matrix:
(m)2
M ) d Y dy h(m)T(X, y)h(m)(x, y) . (3.39)
The integral over z yields the Dirac delta function: 2 s6(k, + k't) (Mathews and
Walker, 1970, p. 102). The integral over k' is performed, and using the property that
#(m)(-kz,t) = O(m)*(k, t) (Lathi, 1965, p. 111) the result is
V(m) dV(m) (m)(m) -(k,)M )(m)(k . (340)
1 A(m) 2
The vectors, #(m)(kz, t), and matrices, M (m ), for all elements are combined to form
one vector, (kz, t) and one matrix, MF, for the entire model (Bathe, 1982, p. 124-
125, 702-706). The final expression for the integral associated with the potential
energy is
M (m)2 1 00
(m) dk H(k t)MF (k, t) . (3.41)
m=1 12 1
The integral associated with the kinetic energy of the fluid is calculated in a similar
manner using equation 3.32:
M
V dV(m) m)(V60(m))V(m) = (3.42)
m=l1 L dk&D"H(kz, t) (KOF + k K 2 F) (kz, t)
2r -oo
where
Ko = J dxf dyp [h(m)T(x, y)h(m ) ( x, y) + h(m)T(x, y)h(m)(x, y)] (3.43)
K (m)= dxJdyph( )T(x, y)h(m)(x, y)
Matrices KOF and K2F are real and symmetric.
The integral associated with the potential energy of the solid is calculated with
equation 3.34:
N o dV(n)SE(n)TC(n)E(n) = (3.44)
n=1 2
U f~ dkz3UH(kz, t) (Kos + zkzKs + k K 2s) U(kz, t)
27 -oo
where
(n )  dx dy B(n)T(x, y)C(n)B (, y)
K = JdxJdy [Bn) T(x,y)C (n)Bi (X, y)- (3.45)
B )T(x, y)C()B(n)(x, Y)]
Ki = l y B") (T, y)C(")B ")(/,y)
Matrices Kos and K2S are real and symmetric; Matrix KIs is real and antisymmet-
ric. For the outermost elements which extend to infinity in the radial direction, the
integration over x and y is performed using the coordinate interpolation scheme given
by Olsen and Bathe (1985b).
The integral associated with the kinetic energy of a solid element is calculated
with equation 3.33:
N 1 rc0
dV(")p2nfSU(n)T i(n) ,1 dkSUH(k , t)MsU(kz, t) (3.46)
n=l 2
where
M ( -) = dx dyp 2Hn)T(x, y)H(n) (x, y) (3.47)
Matrix Ms is real and symmetric. Again, the coordinate interpolation scheme by
Olsen and Bathe (Olsen, 1985b) is used for the integration over x and y for the
outermost elements.
The integral associated with the work done on the fluid at the fluid-solid interface
is computed with equations 3.35 and 3.36:
Q fluid 1 fo. (dqo.( zt) Frkt) (3.48)
E I dSn -()solid -=) -/ dk,6 .H(kz, t)FJ(kI t) (3.48)
q=1 (q) -ooq=1
where
F(q) = dlplh)T(1)H )() . (3.49)
Matrix F is real.
The integral associated with the work done on the solid at the fluid-solid interface
is computed also with equations 3.35 and 3.36:
Q solid 1 =Q lidd(q)q))n(q) . Su(q)solid dkzUH(kz, t)FT(k,1 t) . (3.50)
q=1
Wave Equation
The solution to the variational equation is obtained by substituting equations 3.41,
3.42, 3.44, 3.46, 3.48, and 3.50 into equation 3.31, and the resulting equation is
0 = J dkYH [(A o + kzA, + k A 2 ) V + DjV + D 2V] (3.51)
where
Y = U(k , t)
v= ( (kz, t)
( -U(kz,t)
A o  (KOF o)
0 Kos
A = (o o)
0 zKjs
A2 K2F 0
0 K2s
o -F
F= T 0
D2 (
0 Ms
For arbitrary perturbations, 6Y, the integral will be zero when
(Ao + kzA 1 + kA 2 ) V + D 1V + D 2V = 0
and this equation is called
the wave equation is
the wave equation. In the frequency-wavenumber domain
(A + kzA 1 + k2A 2 ) V = 0 (3.54)
where
4(k, w)
-U(kz, w)
KOF 
- W2MF
-zwFT
(3.55)
zwF
Kos - 2MS
Matrices A' and A1 are Hermitian, and A 2 is real and symmetric.
Equation 3.54 is a quadratic eigenvalue problem - the eigenvalue is kz, and the
eigenvector is V. The eigenvalues and eigenvectors are calculated using an algorithm
developed by Chen and Taylor (1988), which has been modified for complex, Her-
mitian matrices. Each eigenvalue-eigenvector pair applies to one normal mode. The
100
(3.52)
(3.53)
V =
A'o =
phase velocity, v, of the mode is calculated with v = w/k,. The pressures in the fluid
elements are calculated with equations 3.18 and 3.32. The displacements in the solid
elements are calculated with equation 3.33.
After the wave equation is solved, the group velocity can be readily calculated
using only matrix multiplication. To derive the formula, equation 3.54 is differentiated
with respect to k, and multiplied on the left by 'H. The equation is then solved for
aw/&kz, the group velocity:
Ukw (A,-,w VH [A, + 2k,A 2] V (356)
kz H ( 2WMF -zF )
zF T  2wMs
3.2.3 Discussion of the Method
In this finite element solution to the variational equation, some but not all of the
boundary conditions between contiguous elements in the fluid and solid are satisfied.
In the solid, two elements having a common boundary will share three nodes, and
therefore both elements will have the same displacements at these nodes and along the
boundary. However, the elements will not have the same traction along the bound-
ary although the tractions will be approximately equal when the mesh is properly
selected. Similarly, in the fluid the velocity potential between contiguous elements is
continuous, but the displacements are not. A more sophisticated variational equation
could be developed to satisfy all boundary conditions between elements, but it is not
needed because the current method gives accurate results.
All of the boundary conditions at the fluid-solid interface are satisfied by includ-
ing them in the variational equation. Without these terms the fluid would not be
coupled to the solid, and two sets of solutions to the eigenvalue problem would be
obtained: one would pertain to wave propagtion along a fluid cylinder and the other
to propagtion along an empty borehole.
The eigenvalue problem actually has four related solutions. The most previously
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stated solution for a normal mode may be represented by the combination: w, kz, V.
The solution for another mode propagating in the same direction is the combination:
-w, -kz, V*, and this result may be verified by manipulating equation 3.54. The
solutions for the modes propagating in the opposite direction are w, -k, Y and -w,
kz, Y* where
( (kz, w) (3.57)
U(kzw))
These multiple solutions indicate that the phase velocities of the modes propagating
in opposite directions along the borehole are equal, even if the solid has completely
general anisotropy. Although this fact may seem surprising, plane waves demon-
strate similar behavior: in an anisotropic medium the phase velocities of two plane
waves propagating in opposite directions (which are defined by the orientation of the
wavenumber vector) are always equal (see Chapter 1).
Two features of the variation equation make it amenable to a finite element so-
lution. First, because the motion in the fluid is described in terms of a velocity
potential instead of displacements, spurious modes do not develop (Wiggins, 1976;
Hamdi and Ousset, 1978; Everstine, 1981; Buland and Gilbert, 1984; Olsen and
Bathe, 1985a). This potential-based method has the added advantage that it needs
far fewer equations than the displacement-based method. Second, the variational
equation is formulated in terms of first spatial derivatives and not the second spa-
tial derivatives which are in the wave equation (see e.g., Aki and Richards, 1980, p.
19). Consequently the potential and displacements calculated with this variational
method approximate well the exact the values of these quantities, a point which will
be demonstrated later. For the strains and stresses, which involve first derivatives,
the match between values obtained with the variational method and the exact values
is not as good (see Carrier and Pearson, 1976, p. 175).
The combined use of analytical and numerical expressions for the velocity potential
and displacement has two very important advantages. First, becauses the pressures
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and displacements for the modes are expressed in the frequency-wavenumber domain
using exp [z (kzz - wt)], some properties of their behavior like velocity dispersion can
be easily studied. Second, using exp (kzz) to simulate wave propagation in the z
direction greatly reduces the size of the problem. If this analytical expression were not
used, then a three-dimensional mesh would have to be established. Since the memory
requirements for the two-dimensional mesh are quite large, the memory requirements
for the three-dimensional mesh would be enormous. Concomitantly the number of
computations would increase greatly. These two factors suggest that trying to solve
the variational equation using a three-dimension mesh might exceed the capabilities
of current computers.
An important issue in the finite element method is designing the mesh. The
mesh must have enough elements in the right locations to allow reasonably accurate
wavenumbers, pressures, and displacements to be calculated. At the same time, the
mesh must have as few elements as possible to minimize the amount of computation
and memory needed to solve the wave equation. The selected mesh (Figure 3-2)
satisfied these two criteria for the tube, pseudo-Rayleigh, flexural, and screw waves,
which are the normal modes commonly encountered in acoustic logging. The mesh
is very dense in the radial direction near the borehole wall because the pressures and
displacements for the modes change rapidly here. The density is only high enough
for the lower order radial modes; the higher order radial modes have even more rapid
changes and would require more elements. Because the pressures and displacements
change slowly away from the borehole wall, the mesh density is lower there. As the ra-
dial distance increases (beyond the borehole wall) the displacements for normal modes
diminish and eventually go to zero at infinity. The outermost elements (Figure 3-2)
model this behavior well; however, these elements cannot model the leaky modes
which have oscillatory displacements. The mesh density in the azimuthal direction is
just high enough to obtain accurate results for the tube and pseudo-Rayleigh waves
which do not change with azimuth, for the flexural wave which changes according
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to cos 0, and for the screw wave which changes according to cos 20. Obtaining good
results for a mode with a higher azimuthal order number would require more elements.
This variational method has been extensively tested, and the results are very
accurate. Consider a model with an isotropic, fast formation (Table 3.3) and another
with an isotropic, slow formation (Table 3.4) because exact solutions for the phase
and group velocities, pressures, and displacements exist (see Appendix A and Chapter
2). The phase and group velocities calculated with the variational method are almost
always within 0.1% of their exact values (Figures 3-6, 3-7, 3-8, and 3-9). Similarly
the pressures and displacements calculated with the variational method match the
exact solutions (Figures 3-10, 3-11, 3-12, and 3-13).
3.3 Results
Although the behavior of the modes could be studied for many types of anisotropy,
only those types which are prevalent in the Earth should be considered. Field data,
laboratory data, and mathematical modeling indicate that two types are important.
Transverse isotropy is a good model for (1) sedimentary rocks like shales which con-
tain aligned clay minerals (Thomsen, 1986; Winterstein, 1986), (2) formations which
consist of many beds that are thin relative to the wavelength of an elastic wave
(Backus, 1962; White, 1955), and (3) rocks with aligned microfractures (Crampin,
1984). Orthorhombic anisotropy is a good model for some igneous and metamorphic
rocks whose microcracks and minerals are aligned (Thill et al., 1973).
Acutal logging conditions can be simulated using different orientations of the
anisotropy with respect to the borehole. If the formation is transversely isotropic, for
example, this orientation is expressed by the angle between the symmetry axis of the
formation and the borehole. When this angle is zero, three situations are modeled: a
vertical borehole through horizontally lying shales or thin beds, a deviated borehole
through a tilted shales or thin beds (where the angle of deviation equals the angle
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of tilt), and a horizontal borehole through a formation with aligned microcracks (for
which the major axis of the microcracks is vertical). When this angle is small, three
situations are modeled: a vertical borehole through a tilted shales or thin beds, a
deviated borehole through horizontal shales or thin beds, and a deviated borehole
through tilted shales or thin beds (where the angle of deviation does not equal the
angle of tilt). And when this angle equals 900, two situations are modeled: a horizontal
borehole through a horizontal formation and a vertical borehole through a formation
with aligned microcracks (for which the major axis of the microcracks is vertical). In
addition to the examples presented here, many others obviously exist.
In this section, normal mode propagation in transversely isotropic and orthorhom-
bic models are studied with the variational method. The accuracy of the phase veloc-
ities is checked using the perturbation method that is developed in Chapter 2. Using
the formula, UG = - -1, (where v is the phase velocity computed with the
perturbation method) the accuracy of the group velocities is checked.
3.3.1 Transversely Isotropic Models
Because the behavior of the the normal modes in the transversely isotropic models
is closely related to planar qS-wave propagation, these waves will be discussed first.
The properties of the solid are listed in Table 3.5. The waves propagating parallel to
the symmetry axis have the same phase velocity, 2.97 km/s (Figure 3-14a). Although
the polarizations for this particular propagation direction are often decomposed into
the orientations shown in Figure 3-14b, the orientations are actually arbitrary. The
waves propagating at an angle with respect to the symmetry axis have different phase
velocities and different polarizations with unique orientations. For example, when the
propagation direction is 200 with respect to the symmetry axis, the phase velocities
are 2.99 km/s and 3.03 km/s. The polarization of the slower wave is perpendicular
to the a-b plane, and that for the faster wave is in this plane. When the propagation
direction is 900 with respect to the symmetry axis, the phase velocities are 2.97 km/s
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and 3.17 km/s. The polarization of the faster wave is perpendicular to the a-b plane,
and that for the slower wave is in this plane.
First, normal modes were computed when the symmetry axis was parallel to the
borehole. The properties of the borehole model are listed in Table 3.5. The shapes
of the phase and group velocity curves (Figures 3-15 and 3-16) are like those for an
isotropic model. The phase velocities do not exceed 2.97 km/s which equals the phase
velocities of the two S-waves propagating parallel to the symmetry axis (Figure 3-14).
The characteristics of the displacements and pressures are identical to those for an
isotropic model and consequently are not plotted. The orientations of the two flexural
waves and two screw waves are arbitrary just as the polarizations of the two S-waves
propagating parallel to the symmetry axis are arbitrary.
When the symmetry axis is tilted 200 and 900 with respect to the borehole, small
but significant changes occur in the phase and group velocities. (The modes are
labeled with the same name used for isotropic models except that the prefix, quasi
or q, is attached.) The general shapes of the dispersion curves are the same as those
when the symmetry axis is aligned with the borehole (Figures 3-17, 3-18, 3-19,
3-20, 3-21, 3-22, 3-23, and 3-24). When the symmetry axis is tilted 200, the phase
velocities of the normal modes never exceed 2.99 km/s, the phase velocity of the
slowest qS-wave whose wavenumber vector is parallel to the borehole. An analogous
result applies when the symmetry axis is tilted 900. In both cases, the quasi-flexural
and quasi-screw waves have different phase and group velocities (Figures 3-25, 3-26,
3-27, 3-28); the differences are large at low frequencies but small at high frequencies.
Near the limiting qS-wave velocity, the difference between the phase velocities for the
quasi-flexural waves is greater than the difference between the phase velocities for the
quasi-screw waves.
The most obvious effect of the anisotropy is the alignment of the quasi-flexural and
quasi-screw waves. (Because the general characteristics of the displacements for the
200 and 90' models are similar, only the displacements for the 200 model are plotted.)
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For the slow quasi-flexural wave, the particle displacements in the plane perpendicular
to the borehole, when viewed together, are aligned with the polarization of the slow
qS-wave whose wavenumber vector is parallel to the borehole (Figure 3-29). For the
fast quasi-flexural wave, the particle displacements in the plane perpendicular to the
borehole, when viewed together, are aligned with the polarization of the fast qS-wave
(Figure 3-30). For the slow quasi-screw wave, the particle displacements in the plane
perpendicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are rotated 450 with respect to the polarizations of
the slow and fast qS-waves (Figure 3-31). For the fast quasi-screw wave, the particle
displacements in the plane perpendicular to the borehole, when viewed together, are
aligned along two mutually perpendicular directions which are parallel to the polar-
izations of the qS-waves (Figure 3-32). The quasi-tube and quasi-pseudo-Rayleigh
waves show no obvious alignment with respect to the qS-waves (Figures 3-33 and 3-
34). The anisotropy makes the displacements for each wave truly different from those
that would exist if the solid were isotropic or transversely isotropic with its symmetry
axis parallel to the borehole. However, these changes are so small that they are not
discernible in Figures 3-29, 3-30, 3-31, 3-32, 3-33, and 3-34, and consequently a
valid generalization is that the displacements are very similar to those which exist
when the medium is isotropic or transversely isotropic with its symmetry axis parallel
to the borehole.
3.3.2 Orthorhombic Model
For the orthorhombic model (Table 3.6) only one orientation of the borehole was
studied: the borehole is parallel to the intersection of two symmetry planes. The phase
velocities of the two qS-waves which propagate parallel to the borehole are 2.67 km/s
and 2.95 km/s (Figure 3-35a), and their polarizations are mutually perpendicular
(Figure 3-35b).
The phase and group velocities of the normal modes (Figures 3-36, 3-37, 3-
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38, and 3-37) are like those in the transversely isotropic models when the symmetry
axis is tilted with respect to the borehole. The phase and group velocities do not
exceed 2.67 km/s, the phase velocity of the slow qS-wave whose wavenumber vector
is parallel to the borehole. The two quasi-flexural waves have different phase and
group velocities, and the differences are large at low frequencies but small at high
frequencies (Figures 3-40 and 3-42). The two quasi-screw waves behave similarly
(Figures 3-41 and 3-42). Near the limiting qS-wave velocity, the difference between
the phase velocities of the quasi-flexural waves is greater than that for the quasi-screw
waves.
The displacements are also like those in the transversely isotropic models when
the symmetry axis is tilted with respect to the borehole. (For this reason, they
are not plotted.) For the slow quasi-flexural wave, the particle displacements in
the plane perpendicular to the borehole, when viewed together, are aligned with
the polarizations of the slow qS-wave whose wavenumber vector is parallel to the
borehole. For the fast quasi-flexural wave, the particle displacements in the plane
perpendicular to the borehole, when viewed together, are aligned with the polarization
of the fast qS-wave. For slow quasi-screw wave, the particle displacements in the plane
perpendicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are rotated 450 with respect to the polarizations of
the slow and fast qS-waves. For the fast quasi-screw wave, the particle displacements
in the plane perpendicular to the borehole, when viewed together, are aligned along
two mutually perpendicular directions which are parallel with the polarizations of the
two qS-waves. Due to the anisotropy the displacements are different from those that
would exist if the solid were isotropic or transversely isotropic with its symmetry axis
parallel to the borehole, but the differences are small.
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3.3.3 Discussion of the Results
The differences in the phase and group velocities of the quasi-flexural and quasi-screw
waves are correlated with the differences between the phase velocities of the qS-
waves whose wavenumber vectors are parallel to the axis of the borehole. This result
suggests that phase velocity surface can be used to predict the relative differences in
the velocities of these two modes. For example, when the velocity surface shows that
the differences between the two qS-waves are zero, the quasi-flexural waves will have
the same phase and group velocities. When the surface shows a large difference, the
two quasi-flexural waves will have a correspondingly large difference in their phase
and group velocities. Using this property, the general behavior of the normal modes
for virtually any model can be readily predicted.
Two features of the quasi-flexural waves make them suitable for detecting the
anisotropy of the solid: the horizontal motion and phase velocity of each wave is
correlated with the polarization and phase velocity, respectively, of the related qS-
wave propagating along the borehole. The feature associated with the phase velocity
requires some comment. The fact that the phase velocity of the faster quasi-flexural
wave does not exceed phase velocity of the slowest qS-wave propagating along the
borehole only applies to the normal mode portion of this wave. Above this threshold,
the mode will become leaky meaning that it will propagate energy in the form of
elastic waves into the solid. At low frequencies the phase velocity of this leaky mode
is expected to approach the phase velocity of the faster qS-wave propagating parallel
to the borehole. (This hypothesis was not be tested here because the solution to
the wave equation was not formulated in a manner that the leaky modes could be
studied.) If this hypothesis is correct, then the differences between the phase and
group velocities of these waves at low frequencies will be substantial.
The other normal modes are not well suited for detecting the anisotropy of the
solid. The quasi-screw waves cannot be used to distinguish between the polarizations
of the fast and slow qS-waves propagating along the axis of the borehole, and the
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differences in the phase and group velocities of these two modes are quite small. The
motion and phase velocities of the quasi-tube and quasi-pseudo-Rayleigh waves are
only slightly affected by the anisotropy.
Although the quasi-flexural waves can be used to detect the qS-wave anisotropy in
the direction of the borehole, this mode as well as the other normal modes cannot be
used to completely characterize the anisotropy. The waves in the transversely isotropic
model with the symmetry axis tilted 200 are very similar to the corresponding waves
in the model whose axis is tilted 90'. Therefore, a reasonable hypothesis is that
the waves cannot be used to determine the orientation of the symmetry axis of any
transversely isotropic model. (The only exception to this statement exists when the
symmetry axis is parallel to the borehole: the phase and group velocities of the two
flexural and two screw waves are identical.) In addition, the behavior of the waves in
the transversely isotropic models with the tilted symmetry axes and the orthorhombic
model are very similar. Therefore, a reasonable hypothesis is that the waves cannot
distinguish between transverse isotropy and orthorhombic anisotropy and, moreover,
between other types of anisotropy like monoclinic and triclinic anisotropy.
3.4 Summary and Conclusions
A variational method was developed to calculate wavenumbers, pressures, and dis-
placements for normal modes propagating along a fluid-filled borehole through an
anisotropic medium. The implementation uses an analytical expression, exp (zkzz),
to describe wave propagation along the borehole and finite element expressions to
describe propagation in the plane perpendicular to the borehole. This approach
has two advantages: it reduces the size of the problem to the extent that current
computers can perform the calculations, and it allows the modes to be expressed
in the frequency-wavenumber domain where their modal behavior can be studied.
For isotropic models, the phase and group velocities, pressures, and displacements
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calculated with this variational method matched exact solutions.
The investigation of the behavior of the normal modes in anisotropic models was
limited to two cases: a transversely isotropic model for which the borehole had several
different orientations with respect to the symmetry axis and an orthorhombic model
for which the borehole was parallel to the intersection of two symmetry planes. These
two cases were chosen because they adequately represent many logging situations. For
these anisotropic models the phase and group velocities calculated with the variational
method match those calculated with a completely independent method based upon
perturbation theory.
The normal modes in these anisotropic models show several effects which do not
exist when the solid is isotropic or transversely isotropic with its symmetry axis
parallel to the borehole:
1. The phase velocities for the quasi-pseudo-Rayleigh, both quasi-flexural, and
both quasi-screw waves do not exceed the phase velocity of the slowest qS-
wave. (The phase velocities of the leaky modes, which were not investigated in
this chapter, will exceed this threshold.)
2. The two quasi-flexural waves have different phase and group velocities; the dif-
ferences are greatest at low frequencies and diminish as the frequency increases.
In general, the two quasi-screw waves behave similarly.
3. The greater the difference between the the phase velocities of the qS-waves, the
greater the difference between the phase velocities of the quasi-flexural waves
at all frequencies. The two quasi-screw waves behave similarly.
4. Near the limiting qS-wave velocity, the difference between the phase velocities
for the two quasi-flexural waves is greater than that for the two quasi-screw
waves.
5. For the slow quasi-flexural wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned with the polarization
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of the slow qS-wave.
6. For the fast quasi-flexural wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned with the polarization
of the fast qS-wave.
7. For the slow quasi-screw wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are rotated 450 with respect to the polarizations
of both qS-waves.
8. For the fast quasi-screw wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are parallel with the polarizations of both qS-
waves.
(In this list, the qS-waves refer to the plane waves whose wavenumber vectors are
parallel to the borehole.) Despite these significant effects, the general characteristics
of the phase velocities, group velocities, and displacements are similar (but not iden-
tical) to those that would exist if the solid were isotropic or transversely isotropic
with its symmetry axis parallel to the borehole. This result is expected because the
solid is only slightly anisotropic.
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Region Meaning Variable
fluid volume V
density Pi
incompressibility A1
velocity potential
dilatation O
solid volume V2
density P2
stiffness matrix C
strain vector E
fluid-solid surface E
interface normal vector n
traction T
general cylindrical coordinates r, 0, z
Cartesian coordinates x, y, z
displacement u
time t
wavenumber for z direction kz
frequency w
phase velocity v
group velocity UG
pressure p
borehole radius R
surface area S
volume V
Lagrangian energy L
Table 3.1: Variables needed
laneous variables.
to formulate the variational equations and other miscel-
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Region Meaning Variable
fluid interpolating functions h " ) (x, y) or h(m)(x, y)
(element m) velocity potential at nodes c m)(k, t) or I(m)(k, t)
stiffness matrices K(m), K )
mass matrix M(M)
fluid velocity potential #(kz, t)
(all elements) stiffness matrices KOF, K2F
mass matrix MF
solid interpolating functions h ~)(x, y) or H(")(x, y)
(element n) strain matrix for x and y directions B( )(x, y)
strain matrix for z directions B ")( ( y)
displacement at nodes U( )(kz, t), Uf) (k, t),
UZ")(k ,t) or U(")(k ,t)
stiffness matrices K(s, K j, K2S
mass matrix M(n)
solid displacement U(k2 , t)
(all elements) stiffness matrices Kos, Kis, K 2S
mass matrix Ms
fluid-solid distance along E 1
interface angle between n and E at node i 0q)
(element q) interpolating functions h) (1)
interpolating matrix for fluid h q)(1)
interpolating matrix for solid H ()(1)
coupling matrix F (q)
fluid-solid coupling matrix F
interface
(all elements)
general number of fluid elements M
number of solid elements N
number of interface elements Q
vector and matrices in wave equation Y, V, Y, V, AO, A1,
A 2 , Ao, D 1, D 2
Table 3.2: Additional variables needed for the finite element solution to the variational
equation.
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Quantity Value
Cll 3.79 x 1010 Pa
C44 1.51 x 1010 Pa
P2 2140 kg/m 3
A1 0.225 x 1010 Pa
P1 1000. kg/m 3
R 0.1016 m
Table 3.3: Properties of the isotropic model with the a formation. The properties of
the solid are like those for the Berea sandstone (Thomsen, 1986).
Quantity Value
cll 0.998 x 1010 Pa
C44 0.117 x 1010 Pa
P2 2250kg/m 3
A1 0.225 x 1010 Pa
pi 1000. kg/m 3
R 0.1016 m
Table 3.4: Properties of the isotropic model with a slow formation.
Table 3.5: Properties of the transversely
constants, the symmetry axis is parallel to
like those for the Mesaverda shale (5496.5)
isotropic model. For this list of elastic
the z axis. The properties of the solid are
(Thomsen, 1986).
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Quantity Value
C11 7.23 x 1010 Pa
C13 2.06 x 1010 Pa
C33 6.50 x 1010 Pa
c44 2.21 x 1010 Pa
c6s 2.51 x 1010 Pa
P2 2500 kg/m 3
A1 0.225 x 1010 Pa
P1 1000. kg/m 3
R 0.1016 m
Quantity Value
c1 9.78 x 10'1 Pa
C12 1.95 x 1010 Pa
c13 3.23 x 1010 Pa
c22 9.09 x 1010 Pa
C23 1.86 x 1010 Pa
c33 8.17 x 1010 Pa
C44 2.44 x 1010 Pa
c55 2.00 x 1010 Pa
c66 3.18 x 1010 Pa
p2 2800 kg/m 3
A1  0.225 x 1010 Pa
Pi 1000. kg/m 3
R 0.1016 m
Table 3.6: Properties of the orthorhombic model. The symmetry planes for the
orthorhombic solid are parallel to the coordinate planes. The properties of the solid
were measured by J. Mendelson (1989, oral communication).
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FLUID
Figure 3-1: Cutaway view of the mathematical model.
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SOLID
Figure 3-2: Finite element mesh. The location of the fluid-solid interface is shown by
the dark line. The outermost elements actually extend to infinity which is symbolized
by the dashed line.
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Figure 3-3: A two dimensional element with nine nodes.
in the fluid and solid regions.
This type of element is used
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3 x
Figure 3-4: A two dimensional element with six nodes. This type of element is used
only in the center of the mesh.
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Figure 3-5: An interface element. This element has three nodes, and distances along
the element are specified by 1.
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Figure 3-6:
The model
Accuracy of the phase velocities calculated with the variational method.
has an isotropic, fast formation (Table 3.3).
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Figure 3-7: Accuracy of the group velocities calculated with the variational method.
The model has an isotropic, fast formation (Table 3.3).
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Figure 3-8: Accuracy of the phase velocities calculated with the variational method.
The model has an isotropic, slow formation (Table 3.4).
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Figure 3-9: Accuracy of the group velocities calculated with the variational method.
The model has an isotropic, slow formation (Table 3.4).
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Figure 3-10: Accuracy of the pressures for the tube calculated with the variational
method. The model has an isotropic, fast formation (Table 3.3).
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Figure 3-11: Accuracy of the displacements for the tube wave calculated with the
variational method. The model has an isotropic, fast formation (Table 3.3).
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the pressures for the tube calculated with the variational
method. The model has an isotropic, slow formation (Table 3.4).
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Figure 3-13: Accuracy of the displacements for the tube wave calculated with the
variational method. The model has an isotropic, slow formation (Table 3.4).
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Figure 3-14: (a) Phase velocity surfaces and (b) polarizations for the qS-waves in the
transversely isotropic model (Table 3.5). Axis a is parallel to the symmetry axis, and
axis b is perpendicular to a and in an arbitrary direction.
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Figure 3-15: Phase velocities for the normal modes in the transversely isotropic model
(Table 3.5) when the symmetry axis is parallel to the borehole.
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Figure 3-16: Group velocities for the normal modes in the transversely isotropic model
(Table 3.5) when the symmetry axis is parallel to the borehole.
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Figure 3-17: Phase velocities of the normal modes in the transversely isotropic model
(Table 3.5) when its symmetry axis is tilted 200 with respect to the borehole. See
also Figure 3-18.
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Figure 3-18: Phase velocities of the normal modes in the transversely isotropic model
(Table 3.5) when its symmetry axis is tilted 200 with respect to the borehole. See
also Figure 3-17.
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Figure 3-19: Group velocities of the normal modes in the transversely isotropic model
(Table 3.5) when its symmetry axis is tilted 200 with respect to the borehole. See
also Figure 3-20.
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Figure 3-20: Group velocities of the normal modes in the transversely isotropic model
(Table 3.5) when its symmetry axis is tilted 200 with respect to the borehole. See
also Figure 3-19.
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Figure 3-21: Phase velocities of the normal modes in the transversely isotropic model
(Table 3.5) when its symmetry axis is tilted 900 with respect to the borehole. See
also Figure 3-22.
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Figure 3-22: Phase velocities of the normal modes in the transversely isotropic model
(Table 3.5) when its symmetry axis is tilted 900 with respect to the borehole. See
also Figure 3-21.
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Figure 3-23: Group velocities of the normal modes in the transversely isotropic model
(Table 3.5) when its symmetry axis is tilted 900 with respect to the borehole. See
also Figure 3-24.
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Figure 3-24: Group velocities of the normal modes in the transversely isotropic model
(Table 3.5) when its symmetry axis is tilted 900 with respect to the borehole. See
also Figure 3-23.
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Figure 3-25: Differences between the phase velocities of the quasi-flexural waves (Fig-
ure 3-17 and 3-18) in the transversely isotropic model (Table 3.5) when its symmetry
axis is tilted 200 with respect to the borehole. (When differences less than about
0.001 km/s become inaccurate, they are not plotted.)
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Figure 3-26: Differences between the group velocities of the quasi-flexural waves (Fig-
ure 3-19 and 3-20) in the transversely isotropic model (Table 3.5) when its symmetry
axis is tilted 200 with respect to the borehole. (When differences less than about
0.001 km/s become inaccurate, they are not plotted.) The discrepancy between the
perturbation and variational solutions is due to numerical inaccuracies.
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Figure 3-27: Differences between the phase velocities of the quasi-flexural waves and
quasi-screw waves (Figure 3-21 and 3-22) in the transversely isotropic model (Ta-
ble 3.5) when its symmetry axis is tilted 900 with respect to the borehole. (When
differences less than about 0.001 km/s become inaccurate, they are not plotted.)
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Figure 3-28: Differences between the group velocities of the quasi-flexural waves and
quasi-screw waves (Figure 3-23 and 3-24) in the transversely isotropic model (Ta-
ble 3.5) when its symmetry axis is tilted 900 with respect to the borehole. (When
differences less than about 0.001 km/s become inaccurate, they are not plotted.)
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Figure 3-29: Particle displacements in the r, 0, and z directions for the slow quasi-
flexural wave (# 1) at the borehole wall (in the solid and over one wavelength).
These displacements were computed for the transversely isotropic model (Table 3.5)
whose symmetry axis is tilted 200. Due to the perspective, the displacements in the
z direction are difficult to discern.
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Figure 3-30: Particle displacements in the r, 0, and z directions for the fast quasi-
flexural wave (# 2) at the borehole wall (in the solid and over one wavelength).
These displacements were computed for the transversely isotropic model (Table 3.5)
whose symmetry axis is tilted 200. Due to the perspective, the displacements in the
z direction are difficult to discern.
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Figure 3-31: Particle displacements in the r, 0, and z directions for the slow quasi-
screw wave (# 1) at the borehole wall (in the solid and over one wavelength). These
displacements were computed for the transversely isotropic model (Table 3.5) whose
symmetry axis is tilted 200. Due to the perspective, the displacements in the z
direction are difficult to discern.
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Figure 3-32: Particle displacements in the r, 0, and z directions for the fast quasi-
screw wave (# 2) at the borehole wall (in the solid and over one wavelength). These
displacements were computed for the transversely isotropic model (Table 3.5) whose
symmetry axis is tilted 200. Due to the perspective, the displacements in the z
direction are difficult to discern.
148
Figure 3-33: Particle displacements in the r, 0, and z directions for the quasi-tube
wave at the borehole wall (in the solid and over one wavelength). These displacements
were computed for the transversely isotropic model (Table 3.5) whose symmetry axis
is tilted 200. Due to the perspective, the displacements in the z direction are difficult
to discern.
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Figure 3-34: Particle displacements in the r, 0, and z directions for the quasi-pseudo-
Rayleigh wave at the borehole wall (in the solid and over one wavelength). These
displacements were computed for the transversely isotropic model (Table 3.5) whose
symmetry axis is tilted 200. Due to the perspective, the displacements in the z
direction are difficult to discern.
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Figure 3-35: (a) Phase velocity surfaces and (b) polarizations for the qS-waves in the
y-z symmetry plane of the orthorhombic model (Table 3.6).
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Figure 3-36: Phase velocities of
ble 3.6) See also Figure 3-37.
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Figure 3-37: Phase velocities of the normal modes in the orthorhombic model (Ta-
ble 3.6) See also Figure 3-36.
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Figure 3-38: Group velocities of the normal modes in the orthorhombic model (Ta-
ble 3.6). See also Figure 3-39.
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Figure 3-40: Differences between the phase velocities of the quasi-flexural waves (Fig-
ure 3-36 and 3-37) in the orthorhombic model (Table 3.6). (When differences less
than about 0.001 km/s become inaccurate, they are not plotted.)
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Figure 3-41: Differences between the phase velocities of the quasi-screw waves (Fig-
ures 3-36 and 3-37) in the orthorhombic model (Table 3.6). (When differences less
than about 0.001 km/s become inaccurate, they are not plotted.)
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Figure 3-42: Differences between the group velocities of the quasi-flexural waves and
quasi-screw waves (Figures 3-38 and 3-39) in the orthorhombic model (Table 3.6).
(When differences less than about 0.001 km/s become inaccurate, they are not plot-
ted.)
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Chapter 4
Estimating a Shear Modulus of a
Transversely Isotropic Formation
4.1 Introduction
In sedimentary basins, transverse isotropy with a vertical symmetry axis is the largest
component of anisotropy. Field measurements indicate that in these formations the
velocity of a horizontally polarized S-wave can be 10 to 30% higher in the horizontal
direction than in the vertical direction (White et. al., 1983; Winterstein, 1986). In
contrast, azimuthal variations in S-wave velocity generally range from 3 to 5%, and
those in P-wave velocity are even less (S. Crampin, 1988, oral communication; D.
Corrigan, 1989, oral communication; D. F. Winterstein, 1989, oral communication).
In these basins, many boreholes are vertical, and consequently transverse isotropy
with a symmetry axis parallel to the borehole is the largest component of anisotropy
which must be considered when borehole seismic data like acoustic logging data is
interpreted.
An important question in the analysis and interpretation of acoustic logging data
is: can it be used to estimate the elastic properties of a transversely isotropic forma-
tion? In this situation, the velocities of the refracted P- and S-waves are c33/p and
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c44 /P, respectively (White and Tongtaow, 1981; Chan and Tsang, 1983). Conse-
quently, if the formation density is known, then the refracted waves can be used to
estimate c33 and c44. The velocity of the flexural wave is c44 /p, and can be used
to estimate C44 in a similar manner (Tongtaow, 1982). White and Tongtaow (1981)
also developed a formula which relates the velocity of the tube wave at the zero fre-
quency limit to c66, but when data at low frequencies (i.e., less than about 200 Hz)
are unavailable this formula cannot be used.
In this chapter, a method is developed to estimate c66 of a transversely isotropic
formation (with its symmetry axis parallel to the borehole) using the wavenumbers
from the tube wave. These wavenumbers are shown to be moderately sensitive to
c66 over a wide range of frequencies for most transversely isotropic formations, and
this sensitivity is the basis of the inversion. A robust procedure for the inversion is
developed, and its performance is evaluated using synthetic data from fast and slow
formations. Furthermore, the inversion is applied to field data to determine if the
transverse isotropy of actual formations can be detected.
4.2 Method
The inversion is based upon a mathematical model of the borehole environment (Fig-
ure 4-1). The fluid is perfectly elastic, its incompressibility is A, and its density is pil.
The borehole wall is perfectly round, and its radius is R. The formation is perfectly
elastic and homogeneous. Because the formation is transversely isotropic with its
symmetry axis parallel to the borehole, its elastic properties are specified by only five
moduli: c11, c13, C33, c44, and c66 which are written in abbreviated subscript notation
(see Chapter 1). The density of the formation is p2*
The procedure by which c66 is estimated is based upon a cost function that has
three terms. The first term contributes information about the data, the second about
the original estimate of c66, and the third about the physical constraints on c66. These
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three terms will now be developed.
The first term in the cost function requires that the wavenumbers predicted by
the forward model closely match the observed wavenumbers. Array processing of
seismograms from multi-receiver tools is used to estimate the wavenumber, amplitude,
attenuation, and phase of each guided wave at all frequencies (Parks et al., 1983;
McClellan, 1986; Ellefsen et al., 1989). The estimated wavenumbers are arranged
in a vector denoted dobs. Because the amplitude estimates indicate the accuracy
of the wavenumber estimates, they are used to develop the data covariance matrix,
CD. The matrix is diagonal because all wavenumber estimates are assumed to be
independent. Wavenumbers for the current forward model are calculated with the
dispersion equation ( A.46). These predicted wavenumbers are arranged in a vector
denoted g(m), where m represents the current estimate of c66. In terms of probability
theory, the relationship between the observed and predicted wavenumbers may be
expressed by the normal density function:
fD(m) = ))Texp [1 (dbs- g(m CD - g(m))] (4.1)
where K1 is a normalizing constant. Maximizing the probability density function is
equivalent to minimizing the negative of its exponent,
"(dobs - g(m))TCD1(dobs - g(m)) (4.2)
which will be the first term in the cost function.
The second term in the cost function requires that c66 , which is estimated during
the inversion, be close to the initial estimate of its value. A cross-plot of C44 and
c6 6 , which is based upon laboratory and field measurements of transversely isotropic
rocks, indicates that when c44 is known the range of acceptable values for c66 is well
defined (Figure 4-2). Consequently the cross-plot is used to estimate the most-likely
value of c66 (which is used for the initial value of c66 in the inversion, mo) and the
standard deviation of c66 (a ). The relationship between mo and the model parameter
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predicted by the inversion, m, may be expressed by the normal density function:
fM(m) = K 2 exp [- (m - mo)( )-(m - mo)] (4.3)
where K 2 is a normalizing constant. Maximizing this density function is equivalent
to minimizing the negative of its exponent,
(m - mo)(a2)-( m - mo) , (4.4)
which will be the second term in the cost function.
The third term in the cost function requires that the elastic moduli be physically
possible. The elastic strain energy density, 1eicijej, is always positive for any nonzero
strain, el. Hence, the matrix of elastic moduli, cIJ, must be positive definite. For a
transversely isotropic medium, this requirement is met when
cli - |c11 - 2c66 1 > 0 , (4.5)
(cll - C6 6 )C 3 3 - C23 > 0 , (4.6)
and
c44 > 0 (4.7)
(Auld, 1973, p. 147-149). Only the first two equations are needed for the inversion.
They are written symbolically as h,(m) > 0 (where i is an equation index) and are
used to develop penalty functions,
=h (4.8)
hi(m)
where ai is a small, positive constant (Bard, 1974, p. 141-145). The penalty functions
are written in vector form as AR, and the inner product,
XprT , (4.9)
is the third term in the cost function. For almost all values of c66, this term is
negligibly small. As c66 approaches the region in which either equation 4.5 or equa-
tion 4.6 is not satisfied, this term becomes very large and significantly increases the
cost function.
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The cost function used by the inversion combines the expressions in 4.2, 4.4,
and 4.9:
10(m) = -(dobs - g(m))TCDl(dobs - g(m)) + (4.10)
1
(m - mo)()-1(m - m) + T2
This cost function is minimized with respect to m to find the best choice for c6 6
using a Levenburg-Marquardt algorithm which has been developed for nonlinear,
least-squares problems (More, 1978; More et al., 1980). The Jacobian matrix, which
is required for this algorithm, is calculated using the perturbation method which
was developed in Chapter 2. Because the costs associated with the constraints are
virtually zero for most reasonable values for c66 , the optimization is similar to the
maximum likelihood inversion (Aki and Richards, 1980, p. 690-692).
To evaluate the estimate for c66 , its final standard deviation is compared to its
initial standard deviation. If the deviation has been significantly reduced, then c66
is well resolved. The final standard deviation is the square root of the final model
variance,
,- [GTCD G + ( TV)-] - 1  (4.11)
(Tarantola, 1987, p. 196-198) where Gij = &gi/Omj. This formula is only approximate
because the problem is nonlinear.
4.3 Results and Discussion
4.3.1 Sensitivity of the Data to the Elastic Moduli
To properly perform an inversion, the sensitivity of the wavenumbers to the different
elastic moduli must be determined. This sensitivity can be expressed quantitatively
with the normalized partial derivative of the wavenumber with respect to an elastic
modulus of the formation, c:TI
cT 8kz
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Similarly, the sensitivity associated with the incompressibility of the fluid is
A1 akz
The sensitivities were calculated for the normal modes in fast, slow, and very slow
formations (Tables 4.1, 4.2, and 4.3) using the perturbation method described in
Chapter 2. In Appendix E, the sensitivities of all normal modes are examined to
demonstrate that the best data for estimating c66 come from the low frequency portion
of the tube wave. The sensitivities for this part of the tube wave will be discussed
here in the context of the inversion.
In many respects, the sensitivities for the fast and slow formations (Figures 4-3, 4-
4, 4-5, and 4-6) are similar. The wavenumbers are more sensitive to A1 than they are
to c66 , and therefore A must be accurately known before c66 can be estimated. The
wavenumbers are insensitive to c11 and c13 , and consequently using any reasonable
value for these unknown moduli will not adversely affect the inversion. Because the
data are insensitive to c33 and only moderately sensitive to c44 near 5 kHz, inaccurate
values for these moduli, which are determined from the refracted waves and the
flexural wave, will not affect the estimate of c66 much.
The sensitivities for the non-leaky tube wave in the very slow formation (Figures 4-
7 and 4-8) are very different from those in the previous two examples. In general, the
wavenumbers are very sensitive to c44, moderately sensitive to c11 , c13, C33 , and c66,
and insensitive to A. Because the sensitivities for cll and c13 are roughly equal to
that for c6 6 and because c1i and c13 are unknown, c66 cannot be estimated.
An important issue is knowing when c66 can be reliably estimated. To this end,
examine the sensitivities for the fast, slow, and very slow formations (Figures 4-3,
4-5, 4-7, and Figures 4-4, 4-6, 4-8 in these orders). The sensitivities for A1 generally
decrease, and the sensitivities for cil, c13, c33, and c44 increase. The sensitivity of
c66 does not change as much between the three formations as the sensitivities of the
other moduli do. To accurately estimate c66, the sensitivities for c11 and c13, which
are not precisely known, must be small compared to the sensitivity of c66. As a rule
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of thumb, this situation occurs when the velocity of the vertically propagating S-wave
is greater than or approximately equal to the acoustic velocity of the fluid.
4.3.2 Testing the Inversion with Synthetic Data
The inversion for c6s was tested first with synthetic data calculated for the model with
the fast formation (Table 4.1). Synthetic seismograms (Figure 4-9) were processed
to extract the wavenumber and amplitude estimates for the tube wave (Figures 4-10
and 4-11). Then values for the elastic moduli of the formation were selected. Values
for c33 and c44 were determined from the refracted P- and S-waves, respectively.
(Although the refracted P-wave is not evident in Figure 4-9, it can be seen if the
amplitudes are increased.) Values for cll and c13 were determined from cross-plots of
the elastic moduli of transversely isotropic rocks (Figures 4-12 and 4-13). The starting
value for c66 and its standard deviation, 0.35 x 1010 Pa, were estimated from the cross-
plot with c44 (Figure 4-2). The formation density, fluid density, fluid incompressibility,
and borehole radius were set to their correct values because they can be measured in
field situations. All of the model parameters used in the inversion are summarized
in Table 4.1. Only data below 4 kHz were used because at higher frequencies the
data become slightly sensitive to C44 which is never exactly known. For this inversion,
the cost function is dominated by the term associated with the data (Figure 4-14)
indicating that the estimated value for c66 depends almost entirely upon the data
and not upon the initial estimate of its value or the constraints. The cost surface
(Figure 4-15) has no local minima over the range of values which c66 might have, and
hence convergence to the global minimum is guaranteed. The estimated value for c66
is 0.92 x 1010 Pa which differs from the correct value by only 0.04 x 1010 Pa. c66
is moderately well resolved: the final standard deviation is 0.29 x 1010 Pa, which is
smaller than the initial standard deviation (0.35 x 1010 Pa).
Then the inversion was tested with synthetic data calculated for the model with
the slow formation (Table 4.2). The generation of synthetic seismograms, array pro-
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cessing, and inversion followed the same procedures used the fast formation. The
model parameters for the inversion are listed in Table 4.2. The standard deviation
was estimated from Figure 4-2 to be 0.35 x 1010 Pa. Because the cost function is dom-
inated by the term associated with the data (Figure 4-16), the estimated value for c66
depends upon the data and not on the initial estimate or the constraints. Because
the cost surface has no local minima (Figure 4-17), convergence to a global minimum
is guaranteed. The estimated value for c66 is 1.10 x 1010 Pa which differs from the
correct value by 0.05 x 1010 Pa. Again c66 is moderately well resolved because the
standard deviation was reduced from 0.35 x 1010 Pa to 0.18 x 1010 Pa
For both inversions, the exact value of c66 was not estimated. This inaccuracy
may be due to errors introduced into the inversion by the approximate values which
were chosen for c1, c13, c33, and c44 (Tables 4.1 and 4.2). Nonetheless, each estimated
value for c66 is within 5% of its correct value.
4.3.3 Field Data
The inversion was applied to field data to determine if it could detect the anisotropy
in actual formations. The acoustic logging tool had 12 receivers which were spaced
0.152 m apart and 2 sources. Therefore, two sets of 12 seismograms were recorded
at each depth. In addition to the acoustic logging data, shear wave logs, gamma ray
logs, induction logs, etc. were recorded and were very valuable in performing the
inversion. Drill cores from several zones in the well were brought to the surface, and
the permeabilities of the cores were measured.
To determine the incompressibility of the fluid, seismograms from a zone with a
very slow formation (Figure 4-18) were processed to calculate the phase velocities of
the leaky P-wave (Figure 4-19). These phase velocities asymptotically approach the
acoustic velocity of the fluid. Judging from this dispersion curve, the acoustic velocity
of the fluid is approximately 1.54 km/s. Because the fluid density is 1.10 x 103 kg/m 3,
the fluid incompressibility is approximately 0.261 x 1010 Pa.
166
Because the logging tool affects the tube wave, the inversion must be modified.
The most direct method of accounting for its effects is to develop a new mathematical
model and then derive a new dispersion equation. The tool near the receivers consists
a steel cable, 12 transducers mounted on the cable, a layer of oil which surrounds the
cable and the transducers, and a rubber housing. Incorporating these features in the
mathematical model would be difficult, and the resulting dispersion equation would
be complicated. An alternative method of accounting for the tool is based on the
fact that at low frequencies the tool causes a uniform shift in the phase velocities of
the tube wave (Cheng and Toksiz, 1981). An equivalent result could be obtained by
scaling the wavenumbers. The results of some numerical experiments indicated that
the errors introduced by this scaling are very small. The main advantages of this
method are that it is simple and that the original mathematical model and dispersion
equation can be used.
To determine the best scaling, a two-step process was used. First, wavenumbers
were calculated by processing seismograms from a formation which had low perme-
ability (i.e., 26 to 33 mD) and low gamma ray emissions (i.e., 75 to 95 GAPI units).
Low permeability (i.e., less than about 100 mD) is important because permeability
can affect the velocity dispersion of the tube wave (Cheng et al., 1987). The low
emissions indicate that few clay minerals are present, and because these minerals
are a major cause of transverse isotropy their small concentration suggests that the
formation is mostly isotropic. Second, several inversions for c66 were performed using
different scaling factors for the wavenumbers. Because the formation is assumed to
be isotropic, C66 must match c44, and the scaling factor that gave this result is 0.94.
The field logs were used to find a zone where c66 could be accurately estimated.
In the selected zone, the borehole wall is smooth (Figure 4-20), which reduces the
scattering of the waves and makes the processing results more accurate. The difference
between the drill bit size and the measured diameter is small indicating that shale
hydration is not a severe problem. Between 230 and 258 m, the gamma ray emission
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is high (Figure 4-21) due to the radioactive decay of thorium (Figure 4-22) but not
uranium (Figure 4-22) or potassium (Figure 4-23). These measurements indicate that
the rock contains many clay minerals and consequently may be transversely isotropic.
The vertical S-wave velocity is high (Figure 4-24) indicating that (if the formation
is transversely isotropic) the tube wave will be more sensitive to c66 than the other
elastic moduli. The density corrections are small (Figure 4-25) indicating that the
density measurements are reliable. The permeability of the rock ranges from 0.1 to 104
mD (Figure 4-26) and will have a significant effect upon the accuracy of the estimates
for c66 . The acoustic logging data show no reflections (Figure 4-27) indicating that
the elastic properties of contiguous beds are similar and that large fractures are not
present.
Between 225 and 246 m, the wavenumbers for the tube wave were calculated by
combining the data from both sources. That is, the wavenumbers were calculated
from 2 data sets, each of which contained 12 seismograms from the 12 receivers. A
few inaccurate wavenumber estimates were obtained, and these were deleted before
the inversion was performed. The model parameters (i.e., c11, C13, C33, C44, a starting
value for C66, M, P2, and R) were determined from the logs (Figures 4-20, 4-24,
and 4-25) and cross plots (Figures 4-2, 4-12 and 4-13). C6 6 was determined at 133
depths (Figure 4-28). These estimates are an average of the actual values of c66 over
the distance spanned by the receiving array of the acoustic logging tool. That is,
each estimate is obtained from the data recorded by the 12 receivers which span 1.68
m. Because the actual value of c66 probably changes over this interval, the estimated
value is just an average. In general, between successive depths the estimates change
only slightly because the logging tool only moves one-twelfth of the length of the array.
That is, the intervals spanned by the receiving array between successive depths overlap
by 1.52 m, and therefore the estimated values for C66 should be nearly equal. A few
values for c6 are anomalous and are caused by inaccurate wavenumber estimates.
Above 235 m and below 244 m, most estimates for c66 are much lower than the
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corresponding values for C44 . This property is not common of transversely isotropic
rocks (see Thomsen, 1986). A possible cause of this unusual result is the high per-
meabilities (i.e. from 350 mD to greater than 104 mD) (Figure 4-26) which decrease
the phase velocity of the tube wave from what it would be if the permeabilities were
much lower. Because the borehole model does not account for this effect, the inversion
selects low values of c66 to match the data.
Between 235 and 244 m, all estimates for c66 (except a few outliers) are higher
than the corresponding values for c44 , and this property is typical of transversely
isotropic rocks (see Thomsen, 1986). In this zone the tube wave velocity is virtually
unaffected by the permeability because it is low (i.e., less than 110 mD) (Figure 4-26).
The values of c44 and c66 are correlated: high or low values of c6 6 are associated with
high or low values of c44, respectively. Another way of studying the anisotropy is
to examine the percent difference between the velocities of horizontally propagating
S-waves with horizontal and vertical polarizations (VSH and vsv, respectively):
VSH - VSV X 100%
VSV
which is called the S-wave anisotropy. To compute a useful log based upon this
quantity, the anomalous values of c6 6 were deleted, the percentage was computed
at each depth, and the results were smoothed to remove spurious values. The log
(Figure 4-29) shows that the S-wave anisotropy ranges from 5 to 20%.
4.4 Conclusions
Sensitivities, which are normalized partial derivatives, indicate how the wavenumbers
for the tube wave are affected by the elastic moduli of the fluid and the formation.
At low frequencies the wavenumbers for the tube wave in fast and slow formations
are very sensitive to A1 and moderately sensitive to c66 . Therefore, an accurate value
for AX must be obtained before a value for c66 is estimated. The wavenumbers are
insensitive to c11, c13 , c3 3 at all frequencies, and are only moderately sensitive to
169
C44 near 5 kHz. Consequently, the inversion for c66 will not be adversely affected if
slightly inaccurate values for these moduli are picked. In very slow formations, the
wavenumbers for the tube wave are as sensitive to the unknown moduli, cll and c13
as they are to c66 . Hence c66 cannot be estimated for very slow formations. A useful
rule of thumb is that c66 should be estimated only when the vertical S-wave velocity
is greater than or nearly equal to the acoustic velocity of the fluid.
The inversion for c66 is based upon a cost function which combines information
about the wavenumbers, the expected values for c66, and the physical constraints on
its value. The cost function is minimized using a robust method. When the inversion
was applied to synthetic data from fast and slow formations, the estimates for c66
were within 5% of their correct values and were moderately well resolved. When
the inversion was applied to field data, the estimates for c66 were significantly higher
than the values for c44 in the zone with low permeability and high clay content. The
percentage of S-wave anisotropy ranged from 5 to 20%.
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Table 4.1: Parameters for the
Green River shale (Thomsen,
borehole model with a fast formation representing the
1986) and the parameters used in the inversion.
Value used
Quantity Value for Inversion
cll 3.395 x 1010 Pa 3.0 x 1010 Pa
cl3 1.058 x 1010 Pa 1.2 x 1010 Pa
c33 2.248 x 1010 Pa 2.2 x 1010 Pa
C44 0.537 x 1010 Pa 0.51 x 1010 Pa
c6 6  1.053 x 1010 Pa 0.70 x 1010 Pa
P2 2420. kg/m 3  2420. kg/m 3
A1 0.225 x 1010 Pa 0.225 x 1010 Pa
P1 1000. kg/m 3  1000. kg/m3
R 0.1016 m 0.1016 m
Table 4.2: Parameters for the borehole model with a slow formation representing
shale (5000) (Thomsen, 1986) and the parameters used in the inversion.
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Value used
Quantity Value for Inversion
Cll 3.126 x 1010 Pa 3.0 x 10' Pa
cl3 0.345 x 1010 Pa 1.1 x 1010 Pa
c33 2.249 x 1010 Pa 2.1 x 1010 Pa
c44 0.649 x 1010 Pa 0.64 x 1010 Pa
c66 0.882 x 1010 Pa 1.0 x 1010 Pa
P2 2075. kg/m 3  2075. kg/m 3
A1  0.225 x 1010 Pa 0.225 x 1010 Pa
Pi 1000. kg/m 3  1000. kg/m 3
R 0.1016 m 0.1016 m
Quantity Value
cll 1.387 x 101' Pa
c13 0.803 x 1010 Pa
C33 0.998 x 1010 Pa
C44 0.177 x 1010 Pa
C66 0.283 x 1010 Pa
P2 2250. kg/m3
A1  0.225 x 1010 Pa
P1 1000. kg/m 3
R 0.1016 m
Table 4.3: Parameters for the borehole model with a very slow formation representing
the Pierre shale (Thomsen, 1986).
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Figure 4-1: Mathematical model used for the inversion.
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Figure 4-2: Cross-plot used to determine the most-likely value of c66 and its standard
deviation. The data are from the list of elastic moduli of transversely isotropic rocks
compiled by Thomsen (1986).
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Figure 4-3: Sensitivities for the tube wave in the model with the fast formation
(Table 4.1). See also Figure 4-4.
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See also Figure 4-3.
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Figure 4-5: Sensitivities for the tube wave in the model with the slow formation
(Table 4.2). See also Figure 4-6.
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Figure 4-6: Sensitivities for the tube wave in the model with the slow formation
(Table 4.2). See also Figure 4-5.
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Figure 4-7: Sensitivities for the tube wave in the model with the very slow formation
(Table 4.3). See also Figure 4-8.
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Figure 4-9: Synthetic seismograms for the model with the fast formation (Table 4.1).
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Figure 4-10: Wavenumber estimates for the tube wave obtained by processing the
synthetic seismograms for the fast formation (Figure 4-9).
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Figure 4-11: Amplitude estimates for the tube wave obtained by processing the syn-
thetic seismograms for the fast formation (Figure 4-9).
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Figure 4-12: Cross-plot used to determine a reasonable value for cll. The data are
from the list of elastic moduli of transversely isotropic rocks compiled by Thomsen
(1986).
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Figure 4-13: Cross-plot used to determine a reasonable value for C13 . (Note that c13
depends strongly on the linear combination, c33 - 2c44. To understand this result,
assume for a moment that the rock is isotropic. The elastic moduli in terms of the
Lam' parameters are cll = c33 = A + 2u, c13 = A, and c44 = C66 = P. When a rock
is only slightly anisotropic, c33 - 2c44 is close to c13 .) The data are from the list of
elastic moduli of transversely isotropic rocks compiled by Thomsen (1986).185
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Figure 4-16: Terms in the cost function used to estimate c66 in the slow formation.
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Figure 4-17: Cost surface for the estimation of C66 in the slow formation.
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Figure 4-18: Seismograms used to estimate the acoustic velocity of the fluid using the
leaky P-wave, which is indicated by the arrow.
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Figure 4-19: Phase velocity estimates for the high frequency portion of the leaky
P-wave shown in Figure 4-18. These estimates are used to determine the acoustic
velocity of the fluid.
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Figure 4-27: Seismograms recorded by the last receiver, from every sixth depth in the
zone where C6 was estimated.
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Chapter 5
Summary and Conclusions
The goal of this thesis was to determine how anisotropy can be detected with acoustic
logging. To this end, the thesis addressed two issues: the effects of general anisotropy
upon elastic wave propagation in a borehole and the estimation of a shear modulus
of a transversely isotropic formation.
In Chapter 2, several applications of perturbation theory were developed. This
theory is used to derive an equation which relates first order perturbations in fre-
quency, wavenumber, elastic moduli, densities, and locations of interfaces. This per-
turbation equation, which is derived in the frequency-wavenumber domain, applies
to a general model which can have many fluid or solid layers with any cross-sectional
shape. To develop some useful formulas, the equation was applied to the two-layer
model which is used throughout the thesis: the inner layer is a fluid, and the outer
layer is a transversely isotropic solid with its symmetry axis parallel to the borehole.
Because analytical expressions for the displacements exist for this particular model,
the terms in the perturbation equation simplify greatly. Formulas were derived to
calculate (1) phase velocities for a model with slight, general anisotropy, (2) partial
derivatives of either the wavenumber or frequency with respect to either an elastic
modulus or density, (3) group velocity, and (4) phase velocities for a model with a
slightly irregular borehole. These formulas are also applicable to models with an
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isotropic solid because it is a special case of a transversely isotropic solid. These
applications were used in other parts of the thesis.
In Chapter 3, the effects of anisotropy upon elastic wave propagation were de-
termined. The wave equation was solved in the frequency-wavenumber domain with
a variational method, and the solution yielded the phase velocities, group velocities,
pressures, and displacements for the normal modes. (The phase and group veloci-
ties obtained with this variational method equal those obtained with the perturba-
tion method indicating that both are correctly formulated and implemented.) These
properties were studied for two cases: a transversely isotropic model for which the
borehole had several different orientations with respect to the symmetry axis and an
orthorhombic model for which the borehole was parallel to the intersection of two
symmetry planes. The normal modes for these two cases show several significant
effects which do not exist when the solid is isotropic or transversely isotropic with its
symmetry axis parallel to the borehole:
1. The phase velocities for the quasi-pseudo-Rayleigh, both quasi-flexural, and
both quasi-screw waves do not exceed the phase velocity of the slowest qS-
wave. (The phase velocities of the leaky modes, which were not investigated,
will exceed this threshold.)
2. The two quasi-flexural waves have different phase and group velocities; the dif-
ferences are greatest at low frequencies and diminish as the frequency increases.
The two quasi-screw waves behave similarly.
3. The greater the difference between the the phase velocities of the qS-waves, the
greater the difference between the phase velocities of the quasi-flexural waves
at all frequencies. The two quasi-screw waves behave similarly.
4. Near the limiting qS-wave velocity, the difference between the phase velocities
of the two quasi-flexural waves is greater than the difference between the phase
velocities of the two quasi-screw waves.
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5. For the slow quasi-flexural wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned with the polarization
of the slow qS-wave.
6. For the fast quasi-flexural wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned with the polarization
of the fast qS-wave.
7. For the slow quasi-screw wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are rotated 450 with respect to the polarizations
of both qS-waves.
8. For the fast quasi-screw wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are parallel with the polarizations of both qS-
waves.
(In this list, the qS-waves refer to those plane waves whose wavenumber vectors are
parallel to the borehole.) Despite these significant effects, the general characteristics
of the phase and group velocities, pressures, and displacements are similar (but not
identical) to those that would exist if the solid were isotropic or transversely isotropic
with its symmetry axis parallel to the borehole. This result is expected because the
solid is only slightly anisotropic.
In Chapter 4, a method to estimate a shear modulus of a transversely isotropic
formation (with its symmetry axis parallel to the borehole) was developed and tested.
The estimation is performed in the frequency-wavenumber domain - the data are
the wavenumbers at each frequency for the tube wave. To properly formulate the
inversion, the sensitivity of the wavenumbers to the elastic moduli of the fluid and
formation was determined. At low frequencies the wavenumbers for the tube wave
in fast and slow formations are very sensitive to A1 and moderately sensitive to c66.
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Therefore, an accurate value for A1 must be obtained before a value for c66 is esti-
mated. The wavenumbers are insensitive to cll, c13, C33 at all frequencies, and are
only moderately sensitive to c44 near 5 kHz. Consequently, the inversion for c66 will
not be adversely affected if slightly inaccurate values for these moduli are picked.
In very slow formations, the wavenumbers for the tube wave are as sensitive to the
unknown moduli, cll and c13 as they are to c66. Hence c66 cannot be estimated for
this formation. A useful rule of thumb is that c66 should be estimated only when the
vertical S-wave velocity is greater than or nearly equal to the acoustic velocity of the
fluid.
The inversion for c66 is based upon a cost function which has three terms: a
measure of the misfit between the observed and predicted wavenumbers, a measure of
the misfit between the current estimate for c66 and the initial guess of its value, and
penalty functions which constrain the estimate for c66 to physically acceptable values.
The inversion was applied to synthetic data for fast and slightly slow formations, and
the estimates for c66 were within 5% of their correct values and were moderately well
resolved. The errors were probably due to the approximate values used for the elastic
moduli of the formation. Then the inversion was applied to field data; the estimates
for c66 were significantly higher than the values for c44 in a zone with low permeability
and high clay content. The percentage of S-wave anisotropy ranged from 5 to 20%.
The results obtained in this thesis indicate that anisotropy can be detected with
acoustic logging. The quasi-tube wave can be used to measure c66 in a transversely
isotropic formations with its symmetry axis parallel to the borehole. The low fre-
quency portions of the quasi-flexural waves should be able to detect the velocities
and polarizations of the qS-waves propagating parallel to the borehole. The next
research project should focus on the behavior of these modes when they are leaky.
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Appendix A
Propagation along a Borehole in a
Transversely Isotropic Medium
In this appendix, the wave equation will be solved in the circular cylindrical coor-
dinate system for propagation in a fluid and a transversely isotropic solid (with the
symmetry axis parallel to the z axis), and the solutions will be used to derive expres-
sions for the particle displacements. Then a dispersion equation will be derived for
wave propagation along a fluid-filled borehole in a transversely isotropic solid.
The mathematical model of the borehole environment consists of a fluid inside a
cylindrical borehole through a transversely isotropic solid (Figure A-1). The fluid and
solid extend to infinity along the axis of the borehole, and solid extends to infinity
perpendicular to the borehole. The fluid is perfectly elastic; its incompressibility is
A1, and its density is pl. The solid is perfectly elastic and homogeneous. Because the
symmetry axis for the anisotropy is parallel to the z axis, the properties of the solid
are uniquely specified by only five moduli: cn, c13, c33, C44, and c66. The density of
the solid is p2*
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A.1 Propagation in the Fluid
In this section, the wave equation for the fluid,
1..
V2 U = u (A.1)
a1
(where uc is the displacement, al is the speed of a compressional wave in the fluid,
and t is time) is solved. Using Lame's theorem (Aki and Richards, 1980, p. 68-69),
the wave equation is recast in terms of a displacement potential:
1 "
V 2 ~ 1 1 1 , (A.2)
a1
where
V1 = Uc . (A.3)
The solution,
01(r,0, z, t) 2 zn, 00 , dkz ekz-'.AlIn(mlr) , (A.4)
(21) n=-oo -00 -
is found using the separation of variables technique (Jacobi, 1949; Ben-Menahem and
Singh, 1981, p. 49-50; Tongtaow, 1982; White, 1983, p. 181-182). n is the azimuthal
order number, k, the axial wavenumber, and w the radian frequency. A1 is a constant
which depends upon n, k,, and w; ml is a wavenumber and is computed with
W2
mi = k 2  (A.5)
a 1
Since €1 applies to the region extending from r = 0 to r = R, it includes the modified
Bessel function of the first kind, I,, but not the modified Bessel function of the second
kind, K,, which is singular at r = 0. Using equation A.3, the displacements in the
transform domain are calculated:
U,(r,n, kz,w) = Alml [lIn(mir) + In+,(mir)]
Uo(r,n, k, ) = A In(m r) (A.6)
r
UZ(r^,n,kZ,) = AlzkzI(mlr)
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The pressure in the fluid can be expressed in terms of the displacement potential.
The pressure is defined as
p = -AE10 (A.7)
where O is the dilatation (Bullen, 1963, p. 23). The dilatation is defined as
(A.8)
(Bullen, 1963, p. 17). Substitute equation A.3 into the previous equation:
(A.9)
Now substitute equation A.2:
E = °f (A.10)
where pl/Al equals 1/a2. Finally,
equation A.7:
substitute this expression for the dilatation into
(A.11)
A.2 Propagation in the Solid
The expressions for cylindrical wave propagation in a transversely isotropic solid
with the symmetry axis parallel to the z axis have been derived by many researchers
(Morse, 1954; Einspruch and Truell 1959; Mirsky, 1965; Eliot and Mott, 1967; Keck
and Armenaokas, 1971; Tongtaow, 1980; White and Tongtaow, 1981; Tongtaow, 1982;
Chan and Tsang, 1983), and the derivation presented here is based mostly on Tong-
taow's work.
Using the Helmholtz's Theorem (Morse and Feshbach, 1953, p. 52-53), the dis-
placements are expressed with three scalar, displacement potentials (q2, 72, and X2):
uc = V02+ V x V x (0, 0, Y2) + Vx (0,0, X2) • (A.12)
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In an isotropic solid, the potentials that satisfy the wave equation are
1 0 00 ,(
0 2 (r, , zt) (27r)2 E e 0 dw et't dk eskzzA 2Kj(qr)
X2 (r,O,z,t) - 1 n dw e'Wt ft' z'n=-oo -- oo
t0 e %n 0 dwe" dt 00 ,kzzB2K,(qr)72 (r,,z,t) (2-o d o d BK(qr)(2nr) 2--oo -o
(A.13)
A 2, B 2 , and C2 are constants which depend upon n, kz, and w; q is a wavenumber.
Since the potentials apply to the region extending from r = R to r = o00, they include
IK but not In which is singular at infinity. The potentials that are the solution to the
wave equation in a transversely isotropic solid are assumed to have the same form.
To determine the wavenumber, the potentials are substituted into the equation of
motion. To this end, the displacements are computed with equation A.12. Then the
displacements are used to calculate the strain,
(aouo + u,) /2
EC - azuz (A.14)
Ozuo + ouz/r
aue + (aou, - o) /r
(The abbreviated subscript notation used in this section is described in Chapter 1.)
The strain is then used to calculate the stress,
To = CCEC (A.15)
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where
The stiffness matrix is
rC11 C 1 2
Cli
C13
C1 3
C3 3
\ symmetric
0 0 0
0 0 0
0 0 0
C4 4  0 0
C4 4  0
C6 6
with C12 = Cll - 2C6 6 . (The stiffness matrix in cylindrical coordinates is identical that
in Cartesian coordinates, and this property can be proven using the transformation
laws in Chapter 1.) Finally, the stress and displacements are substituted into the
equation of motion:
DcT = pOttuc (A.18)
where Dc is a differential operator:
S+ 1/r
De= 0
0
-1/r
Oo/r
0
0
az
oo/or
az
0
a, + 1/r
(A.19)ar + 2/r
0
Performing this sequence of substitutions yields a system of three
mll(q) ml2() r13(q) A2 0
m 21 (q) m 22(q) m 23 (q) B2 0
m 31(q) m32(q) m33(q) C2 0
equations:
(A.20)
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Trr
700
Tzz
7TOz
Trz
Tro
(A.16)
cc= (A.17)
where
mll(q) = [Cllq2 - (C13 + 2c 44 )k]2 + p2 2] [Kn-1(qr) + Kn+l(qr)]
m12 (q) = zkz [(C11- 13 - C44)q2 - 44 k2 + p2W2] [In- 1(qr) + K i(qr)]
ml3(q) = [c 66 q2 - C44 k + p2w2] [Kn- 1(qr) - K.n+(qr)]
m 2 1 (q) = - [c11q2 - (C13 + 2C44 )k + p2W 2] [Kn,_(qr) - Kn+l(qr)]
m 2 2 (q) = kz [(C - c13- C44) 2 - c4 4 k2 + pw2 [Kn-1(qr) - In+ 1(qr)](A.21)
m 2 3 (q) = [c66 q2 _ C4 4 k + P2 22] [Kn-1(qr) + Kn+l(qr)]
m 3 1 (q) = zkz [(C1 3 + 2C44 )q 2 - c 3 3 k 
2 + p 2w2]
m 32(q) = -q 2 C44q2 - (C33 - 13 - C4 4 )k + p2w2
m 33 (q) = 0
A nontrivial solution to this system of equations exists only when the determinant of
the matrix is zero. Therefore, the determinant is set to zero, and after much algebra
the resulting equation is
(q2 - kJ)(C6s6q - C4 4 k + p 2 w 2 )(Aq 4 + &w2 q2 + Cw 4 ) = 0 (A.22)
where
A = C11C44
= p2(Cll + C4 4 ) - (CllC33 - C13 - 2C13C44) ((A.23)
C = C33C44 ( 2 p 2
C4 4  w
2  C3 3  w2
Equation A.22 can be broken in three smaller equations. The first,
q2 k = 0
is satisfied when q ± kz. Because this solution has no physical meaning, it will be
ignored. The second equation
c6 6 q
2
_- 4 4 k 2 + p 2 w
2
= 0 (A.24)
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is satisfied when
q = k2 = - P2W 2  (A.25)
C66
This solution applies only to potential X2. (To prove this result, X2 is substituted
into the equation of motion, and the other potentials are neglected. After taking the
determinant, equation A.24 will be obtained.) Consequently X2 is not coupled to the
other potentials.
Before continuing the derivation, the solution for X2 will be compared to a similar
solution for plane wave propagation. The displacements associated with X2, which
are calculated with equation A.12, are
1 ax2  0X2u = r+ -O2 e (A.26)r 80 ar
where r and E are the unit vectors in the r and 0 directions. This equation shows
that the motion associated with X2 does not occur in the z direction. Furthermore,
because these displacements were calculated with the curl operator, their motion is
transverse to the propagation direction. Therefore, the cylindrical wave derived from
X2 is analogous to the planar S2-wave (see Chapter 1), which is also uncoupled from
the other planar waves (see e.g., White, 1983, p. 38-45).
To understand why the square root is positive in equation A.25, consider the
asymptotic expansion for K in equation A.13:
-z
K.(z) ~ e-z
which is valid for large Izl and I arg z < 3~/2 (Abramowitz and Stegun, 1972, p.
377-378). If the argument of the square root function is positive and the positive
root is taken, then K,(k 2r) will decay as r increases; this solution corresponds to a
normal mode. However, if the argument of the square root function is positive and
the negative root in taken, then K,(k 2r) will increase as r increases; and because this
solution does not correspond to any mode, the negative root is ignored. A similar
result applies when the argument of the square root function is negative.
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The third equation, which can be obtained from equation A.22, is
Aq4 + 3w2q2 + Cw 4 = 0 (A.27)
and is satisfied when
q = m2 =4 2A (A.28)
or
qokr-3 - B2 - 4AC
q = k2 = (A.29)
The positive square root was chosen for these wavenumbers for the same reason that
it was chosen for k2 . These wavenumbers apply to potentials q2 and 72, and the most
general solution for these potentials in the transform domain is
1 2(r,n, k,w) = A 2K,(m2r) + A'2K,(k 2r) (A.30)
r 2(r,n, kz,w) = BK(m 2 r) + B2K,(k2r) . (A.31)
These equations are not completely independent because they were derived from a
more general equation than the equation of motion. That is, the equation of motion
in terms of these potentials contains derivatives of third and fourth order whereas
the equation of motion in terms of displacements only contains derivatives of second
order.
To find how these coefficients are related, ( 2(r, n, k,, w) and r 2(r, n, kz, w) must
be substituted into equation of motion. To avoid an enormous amount of algebra, a
few changes in the equations can be made. Because the solutions for ¢2 and 72 are
independent of that for X2, the only part of equation A.20 that is needed is
mll(q) m12(q) A 2
m 21(q) m22(q) B 2  0 (A.32)
m 31(q) m 3 2 (q) 0
The first two equations in this system are linearly dependent, and this redundancy is
removed with some algebra. The new system of equations is
(rhll(q) 1nl2(q) ) A2 ) (0 (A.33)
mzs (q) m32(q) ) 2 0
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where
rinl(q) = cq 2 - (C13 + 2c 44)k + p2W 2  (A.34)
r =12(q) = zz(cl - C13 - C44)q 2 -- C44 k + p 2 2 . (A.35)
(Because the determinant of this matrix is the left hand side of equation A.27, no
fundamental changes have been made.) When ( 2(r, n, kz, w) and F2(r, n, kz, w) are
substituted into the equation of motion, the result is
A 2
mi11(m2) 11(k2) M12 02) M12(k2) A 0
m 3 1 (m 2 ) m 3 1 (k 2 ) m32(m2) m 3 2 (k 2 ) B1 0
B 2
If
, rj12(k2)A' = - B2 (A.37)
r2 1(k 2)
-rll(m2)
r12(m2)
then the system of equations reduces to
i(m2) 12(2) A2 r(k2ll(2 2) B 2 =0 (A.38)
M12(m2)) 7 n12(k2)( l() - 1 1(m 2 ) A1 + (k) - ,(k 2) M1(k 2)
ha(m 2 ) - 2) A 2 + M 3 2 (k 2 ) - 31 (m 2 ) (2) ) B 2 = 0 (A.39)(122) ) m)l(k2)( )
The coefficients in the first equation equal zero. The coefficients in the second equation
also equal zero because they can be derived from the determinant of the matrix in
equation A.33. Therefore, A 2 and B 2 are arbitrary as they should be, and the relations
in equations A.37 are correct. In summary, the potentials in the transform domain
are
( 2(r,n, k,,w) = A 2Kn(m 2r)+ b'B 2K(k 2r) (A.40)
F2(r,n, k,,w) = a'A 2K(m 2r) + B 2K(k 2r) (A.41)
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where the coupling coefficients are
1 (c 1 3 + 2c 4 4 )k 2 - cllm2 - p2 
2
a -
Sc4 4 kg - ( 11 -C13 - c44 2 - P2W2
b' = -k c44 3 - C (A.42)(c 3 + 2c 44 )k2 - cik 2 - P2 2
(When the solid is isotropic, a' = b' = 0.)
These solutions for cylindrical waves can be compared to similar solutions for
plane waves. In a transversely isotropic solid, the displacements computed from y2
have components which are parallel and perpendicular to the propagation direction.
The magnitudes of these components depend upon the coupling coefficients, which
in turn depend upon the amount of anisotropy. Similarly, a planar qS1 wave has
components which are parallel and perpendicular to the propagation direction, and
the magnitudes of these components also depend upon the amount of anisotropy. The
relationship between the displacement potential, 02, and the planar qP-wave can be
demonstrated with an analogous argument.
Using equation A.12 the displacements in the transform domain are calculated:
Ur(rn, kz,w) = -A 2m 2(1 + zkza') [- n Kn(m2 r) + Kn+l(m2 r)]+
C2r K(k 2r) - B 2k2(zkz + b') [ K2rK(k 2r) + Kn+I(k 2 r)]
Uo(r,n, k,w) = - (1 + zkza')K,(m 2r) + (A.43)
n K(rB2 K
C2k2  (k2r) + n+ )] r (zkz + b')K(k 2r)
Uz(r,n,kz,w) = A 2(k, - a'm2)K,(m 2 r) - B 2(k2 - zkb')K,(k 2 r)
A.3 Dispersion Equation
In this section the dispersion equation will be derived by satisfying the two bound-
ary conditions at the fluid-solid interface. The first boundary condition is that the
displacements, which are normal to the interface, are continuous:
ufluid = solid (A.44)
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The second boundary condition is that the traction at the interface is normal to the
interface and is continuous:
fluid solid
-P 7TT
0 = solid (A.45)
0 = solidTrz
Equations A.6, A.11 and A.43 are substituted into these boundary conditions giving
a system of four equations
11 n12 n 13 n 1 4  A, 0
n 2 1 n 2 2 n 2 3 n 2 4  A 2  0(A.46)
n 3 1 n 3 2 n 3 3 234 C 2  0
241 7242 2 4 3 n 4 4  1B2 0
where
nil = m, Wl(mR)
n12 = (I + zkza')m 2Yl(m 2R)
n
n13 K,(k2R)R
nl4 = (zkz + b')k 2Y (k2R)
n2 = A 2 - k )I,(mR)
n22 - c13 + (c, - c 3 )zkza'm K(m 2 R)
2c66m2S(1 + zk a')Y2(m 2R)R
n23 = 2c6 6nkY 3 (k2R)
n24= - [(cik2 - cl3 k2)b' + (c - C13)zkza] K,(k2 R) -
k2 (zk + b')Y 2(k2R) (A.47)R
7231 = 0
2c 6 nm2
n32 = n (1 + zkza')Y 4(m 2R)R
n33 - C66k 5(k2R)
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2C 6 6 rnk 2
n34 = R (zkz + b')Y 4 (k 2 R)R
n 41 = 0
na4 -c 44m 2 [2zk, - a'(k + m)] Y(m 2 )
zkznC44
n43 - K(k 2 R)
n44= C4 4 k 2 [(k + k2) - 2zkb'] Y(k 2 R)
and where
n
Wl(x) = In() + In+l(X)
Y(X) -- n(x) + K+I(X)
_ r(n-1)
Y 2(x) K,( ) + K+ 1 (x) (A.48)
-n + 1 1
Y 3 (x) - K,(x)+ -K+(X)
Y4(x) - Kn(X) + Kn+l(X)
Y5 () I + 2n(n- 1)] ( 2 1()
A nontrivial solution to this system of equations exists when the determinant of the
matrix is zero. Therefore, the determinant is set to zero, and the resulting equation
is called the dispersion equation. The wavenumbers, kz, satisfying the dispersion
equation are found numerically.
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FLUID
SOLID
Figure A-i: Borehole model showing the orientation of the z axis of the circular
cylindrical coordinate system. The radius of the borehole is R.
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Appendix B
Evaluation of an Integrand in the
Perturbation Equation
In this appendix, the integrand, [njrjibui]+, which appears in equation 2.10, will
manipulated to remove the unknown, bui. Woodhouse and Dahlen (1978) presented
the solution without any derivation; here the derivation will be given in detail.
The boundary conditions on the perturbed interfaces will be expressed in terms
of the boundary conditions on the unperturbed interfaces. These equations were
published by Smith (1974) and Dahlen (1976). On a perturbed, welded interface
(i.e., a solid-solid interface) the displacements are continuous:
[ui + bSu + hnkui,k]+ = 0 . (B.1)
The second term is the perturbation in the displacement due to the perturbed inter-
face, and the third term is a linear extrapolation of the original displacement from
the original to the perturbed interface. Because [ui] + = 0,
[Sui] + = [-hnkui,k]+  (B.2)
On a perturbed, frictionless interface (i.e., a fluid-solid interface) the normal compo-
nent of displacement is continuous:
[(n, - h;i)(ui + bui + hnkui,k)]+ = 0 . (B.3)
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The term, -h;i, is the change in the normal between the perturbed and unperturbed
interfaces, and h;i = h,i - ni(njh,j). To first order, this equation is
[niSui]+ = [-hninkui,k + h;iui]+  (B.4)
because [niu] + = 0. On all perturbed interfaces the traction is continuous:
[(ni - h;i)(jij + ST- + hnkrij,k)]+ = 0 . (B.5)
The second term in the expression for the stress, 7rij, is the perturbation in the
stress due to the perturbed interface, and the third term is a linear extrapolation of
the original stress from the original to the perturbed interface. To first order, this
equation is
[nb6rij] = [-hninkTij,k + h;irij] (B.6)
because [nij ]i1 = 0.
These boundary conditions will now be used to derive an expression for [njrjiSui]+.
On a welded interface, equation B.2 may be directly substituted into [njrjiSui]+:
[njji6ui]+ = [-hnj7jinkui,k]L (B.7)
The traction, Ti, will be used to simplify the derivation for a frictionless interface.
Because the traction is normal to the interface,
[Tibui]+ = [njTjnibui]+  (B.8)
Equation B.4 is substituted into the previous equation:
[Tibu] + = [-hTinkUi,k + h;iuinjTj]+  , (B.9)
and the traction is replaced by the normal component of the stress:
[njrjibSu] + = [-hnjrinkui,k + h;iuinjnkkj] . (B.10)
On a welded interface, this equation would reduce to equation B.7 because the last
term would be zero. Therefore, equation B.10 holds for all interfaces.
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Appendix C
Evaluation of the Integrals in the
Perturbation Equation
The integrals in the perturbation equation (2.11) will be evaluated in this appendix
for the two-layer model of the borehole environment (Figure 2-1).
The real displacements have this general form:
,(r, , z, t) = [U(r, n, k,w)ekzz + U:*(r, n, k, w)ekzz] cos(nO) cos(wt)
ue(r, , z, t) = [Uo(r,n, kz, w)eskzz + Uo'(r,n, kz,w)ekzz] sin(nO) cos(wt) (C.1)
Z(r, , z, t) = [U (r, n, kZ, w)e'kzz + U*(r, n , k, w)e-kzz] cos(nO) cos(wt)
To simplify the notation, the Fourier transforms of the displacements will be desig-
nated simply U,, Us, and Uz and are given in equations A.6 and A.43. The strains are
found by differentiating the displacements, and their transforms will be designated
E,,, Eoo, Ezz, Eze, Er, and Er. The displacements and strains are substituted into
equation 2.11, and almost all of the integrals are computed analytically. In the final
expressions for the integrals, ( is 2 when n = 0; otherwise C is 1. When n = 0, all
displacements and strains containing sin(n9) cancel. Because the transforms of these
particular displacements and strains are also zero when n = 0, they may be included
in the integrals eliminating the need to write the equations twice.
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The integral associated with a perturbation in wavenumber is
t 4 (C)
where /R
I kz = drrAl[Erl, zUj cos(argErr - arg(ZUz)) +
IEoojjzUz cos (arg Eoo - arg(zUz)) +
jEzz jzUzI cos (arg Ez - arg(zUz))] +
JR drr{c13 [Err JZUzj cos (arg Err - arg(zUz)) +
IEoo zzUz cos (arg Eoo - arg(zUz))] +
c33 [IEzz Uzl cos (arg Ezz - arg(zUz))] +
zUo
c44 2 Ezo zUo cos(arg Ezo - arg(UO +
2 Erz IzU cos(arg Erz - arg( )) }
The integral associated with a perturbation in frequency is
t+T (7rAT
t dt IdVpu u i - 4irAI J (C.3)
where
I" = d rrp (jUr 2 + IU 2 + IUzI2) . (C.4)
0
Two integrals are associated with perturbations in the boundary locations. To
write these two integrals, this notation will be helpful:
Ice = j dO cos2(nO)h (C.5)
I = dO sin2(nO)h (C.6)
Ics = dO cos(nO) sin(n)h (C.7)
in which h is only a function of azimuth. The first integral is
t+ + AT (C.8)
tT dt JI dS h[ +niijnkUj,k += (C.8)
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where
I 1pw2 [ccIUrl2 '+ Iss 2 + ICcIUzl2
c11Ic [-Err12 + IEoo 2] -
c 3lcc [2 1 Eo IEz I cos(Ege - arg Ezz)] -
C331cc [IEzz 2]-
c44 [41sI Ez 12 + 4Icc IE rz] -
cs, [4 Eo 12]]
The second integral is
T dt dS h; [unnkk] AT ,2 (C.9)
it - 4
where
IE$,2 Ics [11 ErrIIUo Icos(arg Err - arg U) +
I Eoo IIUo cos(arg Ego - arg Uo)] +
C13 IEzI Uo cos(arg Ezz - arg U)] +
c[-21 EIo Uol cos(arg Eo - arg U)]]
The integral associated with a perturbation in density is
/+7 dt d uu TrAT i
+T dt dV6pu (SplIP + Sp2 I ) (C.10)
where
I" = JO drr (lUrl 2 + IJUl + 2 l 2)
JP2= JR drr(IUrI2+IJU12+ iUzl2)
The integral, in which the incompressibility of the fluid and the five elastic moduli
of the transversely isotropic solid are perturbed, is
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t+T TI (C.11)
dt dVeijSciekl = (C.)
t V
rAT(& 1 I1 ± TI Ic +6cI + 6cTc T+ + s6cIc
4r A T (6AjI/ M + 3cl3 -" C 33 1 " C '13 
6 6 1 C I TI0 C I
where
IA1 0 drr[lErrI2 + Eoo2 + +El2 ±
2E,,rr Eol cos(arg Err - arg Eo) +
2 ErrEzz| cos(arg Er,, - arg Ezz) +
2 EooJ Ezz cos(arg Eoo - arg Ezz)]
I = J dr r [ Er, 2 + IEool2 + 2lE rrEool cos(arg E,, - arg Eo)]
S R [
IC1 - J drr[21Zrrllzzlcos(argErr - argEz)+
21Eoo Ez -cos(arg E - arg Ez)]
I'C = Rdr [41Ezo + 41EI
I6c6 = JR dr r [41EoIZ - 41ErrI E0 l cos(arg Err - arg Eoo)]
The integral, in which the elastic moduli are perturbed to make the solid have
general anisotropy, is
t dtJ dVejj6Cij kte t k 4 IcI (C.12)
where
JIJ I= dr r dllEr 2 +
d1221Err IlEoo I cos(arg Err - arg Eo) +
d132 Err I I Ez I cos(arg Err - arg E2Z) +
d164JErrj lEo I cos(arg E,, - arg Ero) +
224
d22 E ooj2 +
d23 2 Eoo IEzl cos(arg Eeo - arg E,,) +
d26 4 eoo IIEroI cos(arg Eo - arg Er ) +
d33 Ezz2 +
d364Ezz I IEr cos(arg Ezz - arg Eo) +
d444|Ezo 2 +
d458 IEzo I I E, cos(arg Ezo - arg Erz) +
d5 5 4Erz 12 +
d664Era 12
When n = 0,
1 3 1 3
dll SC6 6 + -SC 22 + -Sc 12 + SC 112 8 4 8
1 1 3 1
d12 - SC 6 6 + Sc 2 2 + - C1 2  - C1 12 8 4 8
1 1
d13 SC23 + -SC 132 2
d16 0
1 3 1 3
d 2 2  66 22 -6C 1 2 + 6Cll1 12 8 4 8
1 1
d23 = 6C23 + -SC 13  (C.13)2 2
d 2 6 = 0
d3 3 = Sc 33
d36 = 0
d44 0
d45 = 0
1 1
d55 I Sc 55 + -Sc 442 2
de6 = 0
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and when n = 1,
1 1 1 5
dll = 6 6 + S22 + -C 12  -c 112 8 4 8
1 1 3 1
d 1 2 = - C66 + -C 2 2 + -6C 1 2 + 6112 8 4 8
1 3
d13 = 6SC23 + -S 134 4
1 .1
d16 = -6c 22 - Sc 1 18 8
1 5 1 1
d22 c6 6 + Sc 22 + Sc 12 + 6SC112 8 4 8
d23 = 6C23 + 613 (C.14)4 4
1 1
d26 Sc2 2 - cll8 8
d33 = SC33
1 1
d36 = - 23 - - 134 4
d44 -SC 55 + Sc 444 4
1 1
d45 = 6c44 - 554 4
3 1
d55 = -Sc 55 + -6c 444 4
d66 = S6c66 + ' c 22 6- C12 -+ 6 1 12 8 4 8
and when n = 2,
1 7 1 7
di - 6 6e + - c22 + -S 12  -6C 114 16 8 16
1 1 7 1
d12 -- Sc 6 6 + 6 2 2  -1Cl2 + -Sc 1 14 16 8 16
1 1
d 1 3 = -SC 23 + -SC 1 32 2
1 1 1 1
d16 - c6 6 - - c 2 2 + -S 1 2  SC 114 16 8 16
1 7 1 7
d22 - 6C66 + 6C22 + S 12 + - 114 16 8 16
1 1
d23 - 6Sc23 + -Sc 13  (C.15)2 2
1 1 1 1
d26 = -SC 66 + 6C22 - 6 12 + -S 114 16 8 16
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d33 = Sc33
d36 = 0
1 1
d44 - SC5 5 + I 6 442 2
d 45 = 0
1 1
d55 -Sc 55 + -Sc 442 2
1 3 3 3
d66 - bc6 6 + -c 22 - Sc 12  -SC 114 16 8 16
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Appendix D
Separability of the Wave Equation
In this appendix the separability of the the wave equation in cylindrical coordinates
will be studied when the waves are propagating in a solid whose anisotropy is defined
in Cartesian coordinates.
Using the separation of variables technique (see e.g., Mathews and Walker, 1970,
p. 226-239; Ben-menahem and Singh, 1981, p. 47-62), the displacements will be
assumed to be separable in z and t:
u(r,0, z,t) = (27r) 2  dw dkl Uc(r,O, k, w)ei(kzz- t) (D.1)
uo(r,O,z,t)- (2)2] dw dkA Uo(r, 0, kz, w)e i (kzz -wt) (D.2)
1 0 f
uz(r,O,z,t) = (2)2_ dw dkz Uz(r, 0, kz, w)ee (kzW t )  (D.3)
To verify this assumption, the displacements will be substituted into the wave equa-
tion. To this end, the displacements will be used to calculate the strain which will
be used to calculate the stress and the divergence of the stress. The tensors will be
expressed in abbreviated subscript notation, which is described in Chapter 1.
Using the expressions for the dispacements, the strain vector is
E(r, 0, z, t) = (2r)2f dw dkz [E (r, 0, kz,w) + ikzE 2 (r, 0, k, w)] i(k z -zt)
(D.4)
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Ec (r, O, k, ) =
Ec2(r,, kz,w) =
0, U,
(aoUo + U,) /2
0
OoUz /r
a, UZ
oUo + (ooU, - Uo) /r
0
0
Uz
O
0
(see equation 1.12).
The stiffness matrix in cylindrical coordinates, C(0O), is computed from the stiff-
ness matrix in Cartesian coordinates, C using this property: at a point in space, the
components of a tensor in cylindrical coordinates equal the components of the equiv-
alent tensor in Cartesian coordinates when the axes of the Cartesian and cylindrical
coordinate systems are aligned (Malvern, 1969, p. 531). This alignment is performed
with equation 1.28:
C(O) = M(0)CMT( 0 ) (D.7)
where M(0) is given in equation 1.29 .
The stress is calculated with Hooke's Law (equation 1.17):
Tc(r,, z, t) =
(2) dw J dkz Co(O) [Ecl(r, , kz,w) + ikzE 2c(r, 0, k,w)] ei(k z-wt)(D.8)(2The)2 op rator which is used to calculate the divergence of the stress 
(equation 1.15)
The operator which is used to calculate the divergence of the stress (equation 1.15)
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where
(D.5)
(D.6)
is split into two parts:
DC = D,~ + Dz
where (, + 1/r -1/r 0 0 0 00/r
Dro = 0 o o/r 0 0 0 ar + 2/r
0 0 0 a0 /ar + i/r 0
0 0 0 0 az 0
Dz = 0 0 0 zO 0 o
0 0 oz 0 0 0
Equations D.8 and D.9 are substituted in the the wave equation (1.16):
[Dro + Dz] -I dw dkz,
xC (0) [E, (r, 0, kz,w ) + ikzE 2,(r, 0, kz, w)] ei(kz-wt)
- -(2 00) dw J dkz w2U (r, 0, k, w) ei(kzz-wt)
(27r)2 f - o
(D.9)
(D.10)
(D.11)
(D.12)
where
where ( , W = U (r, 0k, W )
U(r, 0, k,w) = Uo (r,O,kz,w) (D.13)
Uz(r, 0, kz, )
Because Dz only operates on the exponential, the wave equation in the frequency-
wavenumber domain is
[Dro + ikF] C(0) [Ecl(r,9, kz, w) + ikzEc2 (r,0, kz, w)] = -pw 2 U,(r, 9, k, w)
(D.14)
where
S 0 0 0 1 0 0 . (D.15)
001000
Since equation D.14 contains neither z nor t, the wave equation is separable in
these variables. The equation is not separable in r and 0 because the stiffness matrix
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is a function of 0. Note that this result applies to a medium having general anisotropy
defined in Cartesian coordinates. Two exceptions to this rule exist when the medium
is isotropic or transversely isotropic with the symmetry axis parallel to the z axis. For
these two cases, the stiffness matrix does not depend upon 0, and the wave equation
is separable in r and 0. (In Chapter 1 are many references to researchers who have
performed this separation).
231
Appendix E
Sensitivities of the Wavenumbers
for the Normal Modes
In this appendix, the sensitivities of the wavenumbers for the normal modes in three
different formations will be presented and analyzed. This sensitivity is defined as the
normalized partial derivative of the wavenumber with respect to an elastic modulus.
This quantity indicates how the wavenumber of a normal mode is affected by a change
in an elastic modulus - such information is needed to formulate properly an inversion
for the moduli of the formation.
The sensitivities are calculated for a two-layer model of the borehole environment
(Figure E-1). The fluid is perfectly elastic, its incompressibility is A1 , and its density
is pl. The borehole wall is perfectly round, and its radius is R. The formation is
perfectly elastic and homogeneous. Because the formation is transversely isotropic
with its symmetry axis parallel to the borehole, its elastic properties are specified by
only five moduli: c11, c13, C33, C44 , and c66 which are written in abbreviated subscript
notation (see Chapter 1). The density of the formation is p2.
The sensitivity associated with an elastic modulus of the transversely isotropic
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formation, ,TI is defined formally as
cTJI 9kz
kz OciJ
where k, is the wavenumber. Similarly, the sensitivity associated with the incom-
pressibility of the fluid is
A1 kz
The partial derivatives were calculated using the perturbation method described in
Chapter 2.
The phase velocities of the normal modes in fast, slow, and very slow formations
(Tables E.1, E.2, and E.3, respectively) were computed with equation A.46 and are
shown in Figures E-2, E-11, and E-18. The sensitivities for the normal modes in the
fast formation are shown in Figures E-3, E-4, E-5, E-6, E-7, E-8, E-9, and E-10;
the sensitivities for the modes in the slow formation in Figures E-12, E-13, E-14,
E-15, E-16, and E-17; and the sensitivities for the modes in the very slow formation
in Figures E-19, E-20, E-21, E-22, E-23, and E-24.
The general characteristics of the sensitivities for the three different formations
are summarized conveniently in Tables E.4, E.5, and E.6. From these tables several
generalizations, which are true for most (but not all) situations, can be made:
1. The wavenumbers for all modes are sensitive to A,.
2. The wavenumbers of the pseudo-Rayleigh, flexural, and screw waves are very
sensitive to the c44 , a modulus which is related to S-wave propagation.
3. The wavenumbers for all modes are insensitive to c11, c13, and c33, moduli which
are related to P-wave propagation.
4. At low frequencies, the wavenumbers for the tube wave are moderately sensi-
tive to c66 and insensitive to c44. At high frequencies, the wavenumbers are
moderately sensitive to C44 and insensitive to c66 .
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The exceptions to these generalizations are usually for the very slow formation.
When trying to estimate an elastic modulus, its sensitivity must be greater than
the sensitivities associated with the other elastic moduli. The unknown moduli, for
which an inversion might be performed, are cul, c13 , and c6 6 because C33, C44 , and
A1 can determined with other methods. The sensitivities indicate that cll and c13
cannot be estimated from the normal modes. c66 can be estimated only with the low
frequency portion of the tube wave in fast and slow formations.
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Table E.1: Model with a fast
(Thomsen, 1986).
Table E.2: Model with a slow
1986).
formation which represents the Green River shale
formation which represents shale (5000) (Thomsen,
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Quantity Value
cll 3.126 x 1010 Pa
c13 0.345 x 1010 Pa
C33 2.249 x 1010 Pa
C44 0.649 x 1010 Pa
C66 0.882 x 1010 Pa
P2 2075. kg/m 3
AX 0.225 x 1010 Pa
Pi 1000. kg/m 3
R 0.1016 m
Quantity Value
C11 3.395 x 1010 Pa
C13 1.058 x 1010 Pa
c33 2.248 x 1010 Pa
C44 0.537 x 1010 Pa
c66  1.053 x 1010 Pa
P2 2420. kg/m 3
A 0.225 x 1010 Pa
Pi 1000. kg/m 3
R 0.1016 m
Quantity Value
c11 1.387 x 1010 Pa
C13 0.803 x 1010 Pa
C33 0.998 x 1010 Pa
C44 0.177 x 1010 Pa
c66 0.283 x 1010 Pa
P2 2250. kg/m 3
A 0.225 x 1010 Pa
P1 1000. kg/m 3
R 0.1016 m
Table E.3: Model with a very slow formation which represents the Pierre shale (Thom-
sen, 1986).
Relative Sensitivities for
Pseudo-Rayleigh Wave
near cutoff at high
Quantity frequency frequencies
A1  low moderate
C44 high moderate
c66 low low
C11, C13 , C33  low low
Table E.4: Relative sensitivities for the pseudo-Rayleigh wave
fast formation (Table E.1).
in the model with the
Relative Sensitivities for the Flexural and Screw Waves
Fast and Slow Formations Very Slow Formation
near cutoff at high near cutoff at high
Quantity frequency frequencies frequency frequencies
A1  low moderate low low
C44 high moderate high high
C66 low low low low
C11, C13 , C33  low low low moderate
Table E.5: Relative sensitivities for the flexural and screw waves in the models with
the fast, slow, and very slow formations (Tables E.1, E.2, and E.3, respectively).
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Relative Sensitivities for the Tube Wave
Fast and Slow Formations Very Slow Formation
at low frequencies at high at nearly all
Quantity (< 5 kHz) frequencies frequencies
A1  high moderate to high low
C44 low moderate high
C66 moderate low low to moderate
C11 , C13 , C3 3  low low moderate
Table E.6: Relative sensitivities for the tube waves in the models with the fast, slow,
and very slow formations (Tables E.1, E.2, and E.3, respectively).
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RTRANSVERSELY FLUID
ISOTROPIC
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Figure E-1: Mathematical model used to calculate the sensitivities.
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Figure E-2: Phase velocities of the normal modes in the model with the fast formation
(Table E.1).
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Figure E-3: Sensitivities for the tube wave in the model with the fast formation
(Table E.1). See also Figure E-4.
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Figure E-4:
(Table E.1).
Sensitivities for the tube wave in the model with the fast formation
See also Figure E-3.
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Figure E-5: Sensitivities for the pseudo-Rayleigh wave in the model with the fast
formation (Table E.1). See also Figure E-6.
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Figure E-6: Sensitivities for the pseudo-Rayleigh wave in the model with the fast
formation (Table E.1). See also Figure E-5.
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E-7: Sensitivities for the flexural wave in the model with the fast formation
E.1). See also Figure E-8.
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Figure E-8:
(Table E.1).
Sensitivities for the flexural wave in the model with the fast formation
See also Figure E-7.
245
20
5 10 15
FREQUENCY (kHz)
Figure E-9:
(Table E.1).
Sensitivities for the screw wave in the model with the fast formation
See also Figure E-10.
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Figure E-10: Sensitivities for the screw wave in the model with the fast formation
(Table E.1). See also Figure E-9.
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Figure E-11: Phase velocities of the normal modes in the model with the slow forma-
tion (Table E.2).
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Figure E-12: Sensitivities for the tube wave in the model with the slow formation
(Table E.2). See also Figure E-13.
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Figure E-13: Sensitivities for the tube wave in the model with the slow formation
(Table E.2). See also Figure E-12.
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Figure E-14: Sensitivities for the flexural wave in the model with the slow formation
(Table E.2). See also Figure E-15.
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Figure E-15: Sensitivities for the flexural wave in the model with the slow formation
(Table E.2). See also Figure E-14.
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Figure E-16: Sensitivities for the screw wave in
(Table E.2). See also Figure E-17.
the model with the slow formation
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Figure E-17: Sensitivities for the screw wave in
(Table E.2). See also Figure E-16.
the model with the slow formation
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Figure E-18: Phase velocities of the normal modes in the model with the very slow
formation (Table E.3).
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Figure E-19: Sensitivities for the tube wave in
(Table E.3). See also Figure E-20.
the model with the very slow formation
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Figure E-20: Sensitivities for the tube wave in the model with the very slow formation
(Table E.3). See also Figure E-19.
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Figure E-21: Sensitivities for the flexural wave in the model with the very slow
formation (Table E.3). See also Figure E-22.
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Figure E-22: Sensitivities for the flexural wave in the model with the very slow
formation (Table E.3). See also Figure E-21.
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Figure E-23: Sensitivities for the screw wave in
(Table E.3). See also Figure E-24.
the model with the very slow formation
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Figure E-24: Sensitivities for the screw wave in the model with the very slow formation
(Table E.3). See also Figure E-23.
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